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THE TYPE OF THE BASE RING ASSOCIATED TO A PRODUCT OF
TRANSVERSAL POLYMATROIDS

ALIN STEFAN

ABSTRACT. A polymatroid is a generalization of the classical notion of matroid. The
main results of this paper are formulas for computing the type of base ring associated
to a product of transversal polymatroids. We also present some extensive computational
experiments which were needed in order to deduce the formulas. The base ring associated
to a product of transversal polymatroids has multiplicity very large in general. At this
moment we have examples of base rings with multiplicity of order 10*°.
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1. INTRODUCTION

For the algorithms implemented in Normaliz see [3|, [4], [5] and [7]. This paper is
organized as follows. In Section 2 we fix the notation and recall some basic results related
to finitely generated rational cones. The notion of polymatroid is a generalization of the
classical notion of matroid, see [8], [9], [12], [13] and [20]. Associated with the base B of
a discrete polymatroid P one has a K —algebra K|[B], called the base ring of P, defined to
be the K —subalgebra of the polynomial ring in n indeterminates K[z, ..., x,| generated
by the monomials z* with v € B. From [12], [19] the algebra K[B] is known to be normal
and hence Cohen-Macaulay. The type of normal ring is the minimal number of generators
of the canonical module. Danilov Stanley theorem, see [10], [17] gives us a description of
the canonicale module in terms of relative interior of the cone.

If A; are some nonempty subsets of [n] for 1 <i <m, A= {A;,..., Ay}, then the set
of the vectors 221:1 e;, with i € Ay is the base of a polymatroid, called the transversal
polymatroid presented by .A. The base ring of a transversal polymatroid presented by A is
the ring

K[.A] I:K[l'il SR T | ij EAj,l <jJ gm]
In Section 4 we study the cone generated by a product of transversal polymatroids and
we compute the type of the associated base ring. We end this section with the following
conjecture:

Conjecture: Let n >4, A; C [n] for any 1 <1i < n and K[A] be the base ring associated
to the transversal polymatroid presented by A = {A;,..., A, }. If the Hilbert series is:

l4+hit+...4+hpp t"7
(1—t)" ’

Hyq(t) =

then we have the following:
1) If r = 1, then type(K[A]) = 1+ hyp—2 — h1.
2) If 2 < r < n, then type(K[A]) = hy—p.

The base ring associated to a product of transversal polymatroids has multiplicity very
large in general. At this moment we have examples of base rings with multiplicity of order
1015
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I am grateful to B. Ichim for some extensive computational experiments which was
needed in order to deduce the formulas contained in the paper.

2. PRELIMININARIES

In this section we fix the notation and recall some basic results. For details we refer the
reader to [1], [6], [2], [17], [18] and [21].

The subsets of elements > 0 in Z, Q, R will be referred to by Z,,Q4, R and the subsets
of elements > 0 by Z~,Qs,R>.

Fix an integer n > 0. If 0 # a € Q", then H, will denote the rational hyperplane of R"
through the origin with normal vector a, that is,

H, ={x e R" | (x,a) = 0},

where (, ) is the scalar product in R™. The two closed rational linear halfspaces bounded
by H, are:

Hf ={z e R" | (x,a) >0} and H, = HY, = {z € R" | (z,a) <0}
The two open rational linear halfspaces bounded by H, are:
H; ={z €R" | (x,a) >0} and Hy = H”, = {x € R" | (z,a) < 0}.
If S € Q", then the set

.
R.S = {Zaivi ca;, €Ry, v €8, reN}
i=1

is called the rational cone generated by S. The dimension of a cone is the dimension of the
smallest vector subspace of R™ which contains it.

By the theorem of Minkowski-Weyl, see [2], [11], [21], finitely generated rational cones
can also be described as intersection of finitely many rational closed subspaces (of the form
H;). We further restrict this presentation to the class of finitely generated rational cones,
which will be simply called cones. If a cone C' is presented as

C=H;n...nH

such that no H ;Z can be omitted, then we say that this is an irredundant representation of
C. If dim(C) = n, then the halfspaces H, ..., H; in an irredundant representation of C
are uniquely determined and we set

relint(C) = H; N...NH;
the relative interior of C. If a; = (a;1,. .., a;), then we call
H,, (z):=ajx1+ ...+ appzy =0,

the equations of the cone C.

A hyperplane H is called a supporting hyperplane of a cone C if C N H # () and C' is
contained in one of the closed halfspaces determined by H. If H is a supporting hyperplane
of C, then F' = C N H is called a proper face of C. It is convenient to consider also the
empty set and C as faces, the improper faces. The faces of a cone are themselves cones. A
face F' with dim(F') = dim(C') —1 is called a facet. If dim R4S = n and F' is a facet defined
by the supporting hyperplane H, then H is generated as a linear subspace by a linearly
independent subset of S.

A cone C'is pointed if 0 is a face of C. This equivalent to say that x € C' and —x € C
implies x = 0. The faces of dimension 1 of a pointed cone are called extreme rays.
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3. TRANSVERSAL POLYMATROIDS

In this section we introduce the notion of a discrete polymatroid and the particular case
of transversal polymatroid. We further recall some results from [16] on the embedding cone
and the type of a particular family of transversal polymatroids.

Discrete polymatroids. Fix an integer n > 0 and set [n] := {1,2,...,n}. The
canonical basis vectors of R"™ will be denoted by ej,...,e,. For a vector a € R", a =
(at,...,ap), weset | al|:=a+...+ay.

A nonempty finite set B C Z} is the set of bases a discrete polymatroid P if:

(a) for every u, v € Bonehas |u|=]|v|;

(b) (the exchange property) if u, v € B, then for all ¢ such that u; > v; there exists j
such that u; < wv; and u +e; —e; € B.

An element of B is called a base of the discrete polymatroid P.

Let K be an infinite field. For a € Z7, a = (a1, ..., ay) we denote by 2% € Klz1,...,xy)]
the monomial 2% := z7'z5? - - - 2% and we set log(z®) = a. Associated with the set of bases
B of a discrete polymatroid P one has a K—algebra K[B], called the base ring of P, de-
fined to be the K —subalgebra of the polynomial ring in n indeterminates K|z, xo, ..., ]
generated by the monomials z" with v € B. From [12], [19] the monoid algebra K|[B|
is known to be normal and we recall that by a well known result of Danilov and Stanley
the canonical module wg(p) of K|[B], with respect to standard grading, can be expressed

as an ideal of K[B] generated by monomials, that is wg(p) = ({2| @ € Z; BNrelint(Ry B)}).

Transversal polymatroids. Consider another integer m such that 1 < m < n. If A;
are some nonempty subsets of [n] for 1 <i <m and A= {A44,..., A}, then the set of the
vectors » v e;, with i, € Ay is the set of bases of a polymatroid, called the transversal
polymatroid presented by A. The base ring of the transversal polymatroid presented by A
is the ring

K[.A] I:K[l'il SR | ij EAj,l <jJ §m]
We denote by
A= {log(xj, - - - xj,) | jr € A, forall1 <k <n} CN"

the set of the exponents of the generators of the associated base ring K[A]. Further,
for the transversal polymatroid presented by A we associate a (n x n) square tiled by unit
subsquares, called bozes, colored with white and black as follows: the box of coordinate (i, )
is white if j € A;, otherwise the box is black. We will call this square the polymatroidal
diagram associated to the presentation A = {A4y,..., A, }([14],[15]).

In the following we shall restrict our study to a special family of transversal polymatroids.
FixneZy, n>3 1<i<n—2 and1 < j < n—1 and consider the transversal
polymatroid presented by A = {A; = [n],A2 = [n]\ [i],..., 411 = [n]\ [i],4j42 =
n],..., A, = [n]}.

We recall at this point some previous results contained in [16]. The cone generated by
A has the irredundant representation

RiA= () H,
aeN

WhereN:{Vij}U {ex | 1 <k <n}and

7 n
yl.j ::Z—jek—i— Z (n—j)eg.
k=1

k=i+1
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7 — columns

n — columns

j — rows

n —rows

Polymatroidal diagram associated to the presentation

A={A;=[n], Ay = [0\ [i], .., Ajs1 = [0] \ [i], Ajso = [n], ..., Ay = [n]}.

The extreme rays of the cone R, A are given by
E::{nek|i+1§k§n}U{(n—j)er—l—jes |1<r<iandi+1<s<n}

The polynomial
d+k—1
P —
(k) ( de1 )

counts the number of monomials in degree k over the standard graded polynomial ring
Klzy,...,xz4], i.e. Py(k) is the Hilbert function of K|x1,...,z4]. Then
kE—1
Py(k—d) = = k
=)= (5 1) = Quth

counts the number of monomials in degree k for which all the variables have nonzero powers,
i.e. Qq(k) is the Hilbert function of the canonical module w(y, . 4, = K[z1,...,24|(—d).
The main result of [16] is the following theorem.
Theorem 1. With the above assumptions, the following holds:
(a) If i +j < n—1, then the type of K[A] is

n—i—j—1

type(K[A) =14+ > Qi(n+i—j+t)Qu_i(n—i+j—1t),
t=1
(b) If i +j > n, then the type of K[A] is

7

r(n—j)—
type(K[A]) = > Qi(r(n—j) = t)Qu_i(rj +1),
t=1

where r = {ﬂ—‘ ([z] is the least integer > x).

n—j
Further, from the proof of main theorem in [16], we get the following lemma:

Lemma 2. The following holds:
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(a) Suppose i+ j<n-—1. Let M be the set
M={aecZl ||(,...,q)|=n+i—j+t,
(ig1,...,opn)|=n—i+j—t, ten—i—j—1]}
Then for any f € ZyANrelint(RyA) with | B | =sn >2n andt € [n —i—j — 1]
such that H ;(8) = n(n—i—j—t) we can find o € M with H ;(a) =n(n—i—j—t)
and  — « EZZ+A. '
(b) Suppose i +j >n and set r = PH.—‘. Let M be the set

n=j

M={aecZ | |(,...,0;)| =r(n—7j) —t,
|(ig1y-. o) =rj+t, ter(n—7)—1il}.

Then for any B € ZyANrelint(RyA) with | 8| =sn > rn and t € [r(n — j) — 1
such that H ;(8) = nt we can find « € M with H ;(«) = nt such that B —a € Z, A.

We set

A" ={a=(o,...,an) € ZY | a:Zﬁi where f; € A}
i=1
and

A = A7 ﬂ relint(Ry A).

Lemma 3. The following holds:
(a) The cardinal of A" is

r(n—j)
#(AT) = Y Py(t)Pui(rn —t);
t=0
(b) The cardinal of A") is
r(n—j)

#(A(T)) = Z Qi(t)Qn_i(rn — t).

Proof. Since the cone generated by A has the irreducible representation
RyA= () HS
aceN
and the monoid generated by A is normal it follows that

7

la| = rn, Z—jak + Z (n—j)ag > 0}

k=1 k=i+1
={aecZ}||laf=rn, 0< a1 +...+ s <r(n—7j)}

A ={aez

and
i

A" = {(a €2 | |a| = rn, Z—jak + Z (n—j)ag > 0}
k=1 k=i+1
={(aeZ||a|=rn, i<ag+...+ o <r(n—7j)}
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a) For any 0 <t < r(n—j), the equation a; + ...+ «a; = t has P;(¢) distinct nonnegative
integer solutions, respectively i1+ ...+, = rn—t has P,_;(rn—t) distinct nonnegative
integer solutions. Thus, the cardinal of A" is

r(n—j)

#(AT) = Y Pi(t)Pui(rn —t).
t=0
b) For any i < t < r(n—j)—1, the equation ay+...+a; = t has Q;(t) distinct nonnegative
integer solutions with aj > 1, for any k € [i], respectively aji1 + ...+ o = rn — ¢ has
Qn—i(rn — t) distinct nonnegative integer solutions with oy > 1 for any k € [n] \ [i]. Thus,

the cardinal of A(™) is
r(n—j)

#(AM) = Z Qi(t)Qn—i(rn —1).

4. THE CONE AND THE TYPE OF THE BASE RING ASSOCIATED TO A PRODUCT OF
TRANSVERSAL POLYMATROIDS

This section contains the main results of this paper. We study the cone generated by a
product of transversal polymatroids and the type of the associated base ring.

The product of transversal polymatroids. Fixni,ns € Z4, ni,ne > 3, n = ni+na,
i1 € [n1 — 2], ip € [ng — 2], j1 € [n1 — 1] and jp € [ng — 1]. For the vectors a € Z' and
€ Z1? we denote by a, B e ZT”L”Q the vectors

a=(a0,...,00€Z1""  3=(0,...,0,8) € Z}*".
( ) € 2L B= B) ey

no times ny times

If S C Z}' and P €C Z'}* we denote by S, Pe Z’}rﬁm the following sets
S={a|aecStand P={3|p e P}

Next, we consider the K —algebras K[A] and K [B] which are the base rings of the transversal
polymatroids presented by A, respectively B, where:

A={A1 =[m], A2 = [m] \ [ia], ..., Ajy 1 = [m] \ [ia], Ajy 2 =[], Ay = [}
and
B ={An 41 =[n]\ [m], Anyp2 = [0\ [n1 +ia), o Apygjon =[]\ [ + ],
Anytjor2 = [0\ [na], ..., Any iy = [0] \ [na]}

Let
A = {log(wy, -~ x1,) | i € Ay, forall 1 <k <y} C Z7

be the exponent set of generators of K —algebra K[A] and
B = {log(xs, -~ w1, ) | jk € Ap,for all ng +1 <k <ny +n2} CZY°

be the exponent set of generators of K —algebra K[B]. We denote by K[A¢B] the K —algebra
K[z%P | a € A, B € B] and by Ao B the exponent set of generators of K[A o B].

It is easy to see that K —algebra K[A ¢ B] is the base ring associated to the transversal
polymatroid presented by

AoB = {Al = [nl}vA? = [nl] \ [il]w : '7Aj1+1 = [nl] \ [i1]7Aj1+2 = [nl]" v Ay = [nl]’
An1+1 = [n] \ [nl]’ An1+2 = [n] \ [nl + iQ]’ S 7An1+j2+1 = [n] \ [nl + i2]7
Anytjore = [0\ [0 Ay, = [0] \ [ma]}-
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) ni1 — columns
11 — columns

Jj1 — rows

i9 — columns ng — columns

niy — rows

J2 — rows

N9 — rows

Polymatroidal diagram associated to the presentation Ao B.

The cone generated by a product of transversal polymatroids. The following
proposition describes the cone generated by A ¢ B.

Proposition 4. With the notations from above, the cone generated by A o B has the irre-
ducible representation

Ri(AoB)=1IN () HF
aeN
where I is the hyperplane described by the equation

—N2T1 — = N2Tpy + N1Tp 41+ + N1 Ty gny, =0

and N = {&7", 52y U{ er | 1 <k < n}.

21’ 12
Proof. Since Ao B={a+p|acA e B}and|a|=ni, | B |=ns, it is clear that
Ry (Ao B) C II. It is also clear that
Ry(AoB) C Ry (AUR™)[Ru(R™ U B).

From the irredundant representation presented in [16] (see Section 3) for the cone generated
by A and B we deduce that

Ry(AUR™)= ()| H, Ry(R"UB)= () HS
CLENl CLENQ

where Ny = {7/'} U{ex | 1 <k < n1} and Na = {7} Ufer | 1 + 1 < k < n}. We get

Ri(AoB)CIIin () H.
aeN

C=()H "

aEN
It is clear that C is a pointed cone of dimension n so II N C' is pointed of dimension n — 1.
Consider an extremal ray v of the cone II N C. Then v € II so it is not possible that all

Let
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entries y; are 0 for all 1 < i < mny or for all ny +1 <4 < n. Moreover v is contained in at
least n — 2 hyperplanes H, so v is contained in at least n — 4 hyperplanes of type H, .
1) If v is contained in n — 4 hyperplanes of type H, then v € .FLJ1 and v € H_ 2

12

2) If v is contained in n — 3 hyperplanes of type H,, then v € H~]1 orveH ]2
3) If v is contained in n — 2 hyperplanes of type H,, then v ¢ .FLJ1 and v & H 32

First case.
Let 1 <k < ... < kp—a < n Dbe a sequence of integers and {ry,si,re,s2} = [n] \
{kl, .. .,kn_4}. If1<r <iy,i1+1 <s1 <ny,ni+1<ro<nit+igandni+ic+1 < s, <n
then x = (z1,...,2,) € Z1} with x; = (n1 — j1)0u, + J10us; + (N2 — J2)0sr, + J201s, (O is
the Kronecker symbol) is a solution of the system of equations

(

2, =0
(%) 2k, 4 =0
—jl 21— ... —j1 Zi; + (m —j1)2i1+1 4+ ...+ (m —jl)zm =0
—J2 Zng4l = - = J2 Zngtin + (M2 = J2) 20y tigr1 + .o (N2 — j2)2n = 0.

fulfilling also the condition II(x) = 0. Else, there exists no solution x € Z' for the system
of equations (x) with II(z) = 0 because either H_;, (z) # 0 or H_j, (x) # 0.
2

1

Thus, there are i1i2(ny —i1)(ng —i2) sequences 1 < ky < ... < k,—4 < n such that the
system of equations (*) has a solution x € Z"} with II(x) = 0, and they induce the set of
extremal rays:

{(nl _jl)eﬁ +n es, + (n2 _j2)6r2 + 72 €so | 1<rm <, 1 +1< 81 <nyq,

n1+1<ro<ny+ig, np+iz+1<s2 <nj.

Second case.
Let 1 <k <...<kp_3<n beasequence of integers and {r1, s1,p} = [n]\{k1,..., kn_3}.
If1<r <ip,i1+1<s; <ngandng+1<p<nthenxeZl with z; = (n1 — j1)ds, +
J1 Ots; +n2 dyp is a solution of the system of equations

2, =0
()
Zkp_s =0
—j1 21— .= J1 Zip + (= )z + o+ (R — 1) ze, = 0.
fulfilling also the condition II(x) = 0. Else, there exists no solution « € Z’ for the system
of equations (xx) with II(z) = 0.
Thus, there exist i1(n; —i1)ny sequences 1 < kj < ... < k,_3 < n such that the system

of equations (#x) has a solution x € Z"} with II(xz) = 0, and they induce the set of extremal
rays:

{(n1 —j1)er, +j1 €y +n2ep | 1< <y, i1 +1 <51 <ny, ni+1<p<n}

Analog one obtains the set of extremal rays induced by v € H_ 2
12

{nie, + (n2 — jo)er, +j2 €5, | 1 <p <y, ni+1<ry<ny+is, ni+ia+1< sy <nj.
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The third case.
It is easy to see that there are (ny — i1)(ng — i3) induced extremal rays in this case:

{nie, +nges | i1 +1<r<nj, ng+iz+1<s<n}.

In conclusion, F := {v; + vy | v1 € E1, v € Ey} is the set of extremal rays of the cone
II N C where

By ::{nlek\i1+1§k§n1}U{(n1—j1)eT+j1 es|1<r<ijandig+1<s<mni}
and
Es :={naey | n1+i1+1§k§n}U

{(n2 —ja2)er +joes | n1+1<r<mj+iyand n; +is+1<s <n}.
It clear that E C Ry (A< B) and we get
Ri(AeB)DIIN () HF.
aeN
Il

The type of the base ring. The next theorem is the main result of this paper.
It contains formulas for computing the type of the base ring associated to a product of
transversal polymatroids.

Theorem 5. Let K[A] and K[B] the base rings of the transversal polymatroids presented
by A and B from above. Then:
a) If i1 + j1 <ny — 1 and iy + jo < ng — 1, then the type of K[A o B] is

type(K [AoB]) = 1+(type(K [A]—1)Q2+ (type(K[B]—1)Q1—(type(K [A]-1)(type(K[B]-1),
where
2(ny—jr)—1
Q= Qi()Qn—i (2n, —t), for r € [2].
t=i,
b) If i1 + j1 > n1 and iy + jo > ng such that 1 < ro where ry = {%—‘ , Ty = {%—‘
then the type of K[A o B is
ra(n1—j1)—1

type(K[AeB) = Y Qi()Qny—i(ran1 — )] type(K[B]).

t=i1

n2—j2

¢) If i+ j1 <myp — 1,92+ jo > ng and ro = [ﬁ-‘ , then the type of K[Ao B| is

type(K[A ¢ B]) = [G + E] type(K[B]),

where
(r2—1)(n1—j1)
G = Z P; (t)Pn1*i1((r2 - 1)n1 - t)a
t=0
n1—i1—j1—1
E= Y Qulir+(ra—1)(n1— 1) + )Qny s, (1 — i1 + (r2 — 1)j1 — 1).
t=1
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Proof. Since K[AoB] is normal ([12]), the canonical module wg 4.5 of K[AoB], with respect
to standard grading, can be expressed as an ideal of K|[A ¢ B] generated by monomials
WiAoB] = ({2 @ € Zy (Ao B) Nrelint(Ry (Ao B))})K[Ao B,

where A< B is the exponent set of the K — algebra K[A¢ B] and relint(Ri (Ao B)) denotes
the relative interior of Ry (A ¢ B). By Proposition 4 the cone generated by A ¢ B has the
irreducible representation
Ri(AeB)=1In () HF,
aEN
where H DN — = NRlpy + My 41+ T gy = 0,
N ={7]!", 7%, e | 1 <k <ni+mna} and {e;}1<i<n,+n, Is the canonical base of R™*"2.
a) Let iy € [n1 —2], j1 € [n1 — 1], i2 € [n2 — 2|, j2 € [ng — 1] be such that iy +j; <np —1
and io + jo < no — 1. If we denote by M 4, Mp the sets
My = {a € ZZI ‘ |(O‘17 s 7ai1)‘ =n1+1i1—Jj1+¢ |(ai1+17 cee 7an1)| =
ny—1i1+7j1—t forany ¢t € [nl—il—jl—l]},
Mp = {a € Zgz ‘ |(a17 <o 7ai2)‘ =ng+i2 — j2 + 1, |(ai2+1’ . 'aan2)| =
ng —io + jo —t for any t € [TLQ*’L.Q*].Q*:L]}
we know from [16] that the canonical module wg4) of K[A] ( respectively, wiz of K[B])
with respect to the standard grading can be expressed as an ideal of K[A]( respectively,
K|[B]) generated by monomials

wicla) = ({#1 - an, 3% a € Ma})K[A],
respectively
wiip) = ({x1- - op, % a € Mp})K[B].
We will denote by M 4.5 the set
Muop ={0+q, B+P|ae My, BeMs, peA?, ge B}

We will show that the canonical module wg 405 of K [A ¢ B], with respect to standard
grading, can be expressed as an ideal of K[.A ¢ B], generated by monomials

WilAoB) = ({1 @p, 2% a € Myop})K[A B].
This fact is equivalent to show that
Z,(AoB)Nrelint(Ry (Ao B))={(1,...,1)+Z+ (Ao B)} U U {a+7Z4+(AoB)}.
a€M 408
Since for any o € My, 8 € Mg, pe A®, g B®
Hopy (@ +0) = H, gy (@) = ma(m = iy =1 +) > 0, Hyps (F+5) = o0 (p) >0

11 21
and
H_j, (B+Dp) = H j,(B) =na(ng —iz —jo+1) >0, H j,(a+q)=H j,(q) >0
2 2 2 2
it follows that
Zi(AoB)Nrelint(Ry (Ao B)) D {(1,...,1)+Z (Ao B)} U U {a+7Z4+(AoB)}.
a€EM 408
Let v € Zi(A o B) Nrelint(Ry(A ¢ B)), then 7, > 1 for any k£ € [n; + ng]. Since
Hj ((1,....1)) = ni(m — 41 — j1) > 0 and H_j,((1,...,1)) = na(ng — iz — j2) > 0 it
i1 22

follows that (1,...,1) € relint(R. (Ao B)). Let § € Z,™™2 § = v — (1,...,1). Tt is
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clear that Z. (Ao B) = Z_ A + 7, B. So, we have H_j; (0) = H_j (v) —ni(n1 — i1 — j1) =
i1 i

H 5, (v)=ni(m—ir—j1) and H_j, (8) = H_j, (y)—na(na—iz—ja) = H, s, (") —na(ng—is—jo)
i1 i9 19 2

where v = (v,7"), ¥ € Z4A and 4" € Z, B

If H,,gl (v') > ni(ni—iy—j1) and HVgQ (") > ng(ng—ia—ja) then ngl (6) > 0 and HDZQ (0) >

0. Thils b € Zy(AoB) and v € {(i, 1)+ Zy (Ao B)} IF H 5 (lfy/) < ni(n — 112 —J1)

or HVgQ (v") < na(ng —in — jo), then let t; € [ng — i1 — j1 — 1] a;ld to € [ng —ig — jo — 1]

such tilat Hygl (’y/) = ni(ny — i3 — j1 — t1) or HVgQ (fy”) = ng(ng — iy — jo — t2). Using

Lemma 2 we 1can find ' € M4 with H () = 2HV;1 (n) and " — 1 € Z,A, respec-
i1

i1
tively we can find " € Mg with H j, ') = H j, (n") and " — 5" € Z,B. Thus for any

p€ A® and ¢ € B® we have v — (f +q) € Zy(Ao B), v — (0" + D) € Z4+(Ao B) and
so there exists o € Maop such that v € {a +Z (Ao B)}. If H 4 () > ni(ny — i1 — 51)
i1

and H j (") < na(ng — iy — ja), then 4 € (1,...,1) + Z, A and we can find ' € Mg
i9 _

with H j,(v") = H ;,(n") and " — 0" € ZyB. Thus, v € (5 +1") + Z1(A o B), where
i

k3

2
p = (2,...,2). So there exists @« € Mo such that v € {a + Z,(A ¢ B)}. Analog the
——

n1—times
another case: H ; (’yl) <ni(ny — i1 — Jj1) and H j, (*y//) > na(ng — iz — ja2).
i1 22
Thus
Zi(Ao B)Nrelint(Ry (Ao B)) ={(1,...,1)+Z+(AoB)}U U {a+7Z, (Ao B)}.

a€EM Ao

So, the canonical module wg 405 of K[A o B], with respect to standard grading, can be
expressed as an ideal of K[A ¢ B], generated by monomials

Wilaon) = ({71 Tn, 2% a € Maop})K[A o B].

The type of K[A ¢ B] is the minimal number of generators of the canonical module. So,
type(K[Ao B]) =1+ #(M 48), where

#(Maop) = #(MA)#(BP) + #(Mp)#(A®)) — (M) #(Mp).
Using lemma 3 and since #(M 4) = type(K[A]) — 1, #(Mp) = type(K[B]) — 1 we get that
#(Maop) = (type(K[A] — 1)Q2 + (type(K[B] — 1)Q1 — (type(K[A] — 1)(type(K[B] — 1),
where #(A®) = Q1, #(B?) = Q,

2(”7'_.77')_1
Qr = Z Qi, ()Qn,—i,. (2n, —t), for r € [2].
t=iy
b) Let iy € [n1 — 2], j1 € [n1 — 1], i2 € [na — 2], j2 € [n2 — 1] be such that iy + j; >
ni, i2+j2 2 ng, 1= [nlllf]ll and ry = [%
If we denote by M;l, Mz/S the sets
M.;\ = {Oé € Zgl | [, .. '7a11)| =ri(n1 —j1) — ¢, ‘(O‘iH—la s >an1)’ =

rJ1+t for any t € [rl(nl —jl) — il]},

Mg ={a€Z% ||(o1,...,0u)| = r2(n2 — jo) —t, |(Qigs1s- .., 00my)| =
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r2j2 +t for any ¢ € [ro(n2 — j2) — o]}
we know from [16] that the canonical module wgq) of K[A] ( respectively, wgz of K[B])
with respect to the standard grading can be expressed as an ideal of K[A]
( respectively, K[B]) generated by monomials

wia = ({2%] a € My} KA,
respectively
wrp = ({2 a € Mg})K[B].
We will denote by M 4o the set Maop = {p+f5 | p e AT, B e Mllg} We will show that the
canonical module wx405) of K [A ¢ B], with respect to standard grading, can be expressed
as an ideal of K[A ¢ B], generated by monomials
wiaon) = ({2 @ € Maop})K[A < B].

This fact is equivalent to show that

Zi(AoB) Nrelint(Ry (Ao B)) = | ] {a+Zi(AoB)}.
a€EM g0
Since for any p € A2, g e MB we have HNJ1 (p+B) = H ; (p) >0,

Zl
HDZZQ (p+B) = H (8) = nat > 0 it follows that

22

Zi(AoB) Nrelint(Ry (Ao B)) 2 | ) {a+Zi(AoB)}.

a€EM 08
Since H~31(( 1) =n1(ng —i3 —j1) < 0and H_ m(( ., 1)) =mna(ng —izg —j2) <0
it follows that ( ,1) ¢ relint(Ry (Ao B)). Let v € Z+(A o B) Nrelint(R4. (A ¢ B)), then

H~]1( ) >0, H_]Q( ) > 0 and 4 > 1 for any k € [nj+ng]. We claim that | v | > ra(n1+ns2).

Indeed since v = ( ‘v e Z+(A<>B)ﬂrelint(R+(A<>B) |7| = s(ny +n2) and Z; (Ao B) =
Z.A+ 7B, it follows that v € Z A, " € Z, B with |y'| = sny, |7 | = sng and

12

Hyp () = Hpn (V) = =32 Z% +(n2 —j2)(sn2 — ) 1) >0+ Z%@ < (n2 — j2)s.
2 : k=1 k=1
Hence iz +1 < s(nz—j2) and so ry = [%1 < s. Using Lemma 2 we can find " € My with
H (7//) =H i, (n N) and 7" — 1" € Z B. Since for any p € A(™) we have H_j (p+ 77“) =
2 D) /]

H ; (p) > 0,H, 72 P+17) = H,,J2(77N) = ngt > 0 it follows that v € p+ 7 + Z4 (Ao B).
Thus ’
Zi(AoB)Nrelint(Ry (Ao B)) C | J {a+Zi(AoB)}.
aEM Ao
So, the canonical module w405 of K [A o B], with respect to standard grading, can be
expressed as an ideal of K[A ¢ B], generated by monomials

wilao8] = ({2 o € Maop}) K[A o BJ.
The type of K[A ¢ B] is the minimal number of generators of the canonical module. So,

type(K[A o B]) = #(Muos) = #(AU2)#(My). Using Lemma 3 and since #(My) =
type(K[B]) we get that

ra(n1—j1)—1

type(K[AeB) =[ > Qu()Qu—i(rani — )] type(K[B]).

t=11
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¢) Let iy € [n1—2],j1 €[n1—1],i2 € [na—2], j2 € [ng — 1], 72 = [ i1 -| be such that

n2—j2

11 + 71 < nq and i9 + jo > na. If we denote by M4, Ml; the sets
Ma={a€Z | [(a1,...,ai)| =n1+i1 —j1 +t, [(@iy41,. .0 0m)| =
ny — i1 +j1 —tforany t € [ng — iy — j1 — 1]},
Mg ={a€Z? | |(a,...,ap)| =ra(ng — ja) —t, [(Qipits- s an,)| =
rojo + t for any t € [ro(ng — jo) — i2]}
we know from [16] that the canonical module wg4) of K[A] ( respectively, wgz of K[B])

with respect to the standard grading can be expressed as an ideal of K[A]( respectively,
K|B]) generated by monomials

wia = ({1 2p, 2% a € M4})K[A],
respectively

wis = {2°] @ € Mg} K[B)].
We will denote by M 4.5 the set Mo = {a+ 3| B € MB, a=(1,...,1)+a witha €
A lora=~+a" witha' € A2 4 ¢ M 4}. We will show that the canonical module
wiaen) of K[A o B], with respect to standard grading, can be expressed as an ideal of
K|[A o B, generated by monomials

wiloB) = ({27 @ € Maop})K[A o B].

This fact is equivalent to show that

Zi(AoB)Nrelint(Ry (Ao B)) = | ] {a+Zi(AoB)}.

a€EM AoB

Since for any B € My and o€ ZI' such that o = (1,...,1) + o with o' € A" ! or
a=v+a" withy € My, o € A2 we have H~,1(oz—|—ﬁ) H () =H;(1,....1) +

1 1
H ji(a) = ni(ni — i1 — j1) + H“ (@) > 0 or H~11 (@+p) = Hj(a) = H,(y) +
1 l 21
Hl,jl(a)_nl(nl_ll_]l_t)+HJl( ) > OandHu(a+5) H ;,(B) = nat >0
11 2

for any t € [ny — i1 — j1 — 1], it follows that

Zy(AoB)Nrelint(Ry(AoB)) 2 | ] {a+Zi(AoB)}.
aeMAoB
Since H~J1(( 1)) =mi(n — i1 —j1) > 0 and H_ 72(( 5 1)) = mna(ng —izg —j2) <0
it follows that ( ,1) ¢ relint(R (A o B)). Let ~ = Z+(A o B) Nrelint(R4 (A4 ¢ B)),

then ngl( ) > 0, H_j2( ) > 0 and v, > 1 for any k € [n1 + ng]. We claim that | v | >

ro(nq +n2) Indeed, since y = (v,7") € Z+(A<>B)ﬂrelint(]R+(A<>B)) |’y\ = s(ny +n2) and
Z.(AoB) =7 A+7.B, it follows that v € Z; A, 4" € Zy B with |y'| = sn1, |7"| = sna
and

9 i2 i2
H s, (v) = Hl,g;(’y )=—j2 ) Y+ (n2—ja)(sng — > ) > 0= v < (ng — ja)s.

12
Hence i9 + 1 < s(ny — j2) and so rp = [%—‘ < s. Since H ;; ((1,...,1)) = ni(m —
i1

i1 — j1) > 0 and for any § € M4 we have H j (0) = ni(n1 — i1 — j1 — t) > 0 it follows
i1

that for 4 € ZyA Nrelint(RyA) such that |y'| = sn; with s > 7 there exists a' €
A2 land " € A™72 such that 4 € (1,...,1)+ o +Z Aor~y €d+a" +Z, A Using
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Lemma 2 we can find n” € Ml/g such that H ;, ') = H ;, (n") and ~" — 9" € Z,B.
2 2
Thus, v = (v,7") € ((1,...,1) +a,n") + Z4(A o B) with ' € A™"! " € My or

y=0,7)e@+a",n") +Z (Ao B) with § € My, o € A2, 5" € My and so
Zi(AoB)Nrelint(Ry (Ao B)) € | ] {a+Zi(AoB)}.

a€M aoB

/

The canonical module wg( 4.5 of K[A o B], with respect to standard grading, can be ex-
pressed as an ideal of K[A ¢ B], generated by monomials

Wiaen) = ({2 a € Maop})K[Ao BJ.

The type of K[A<¢ B] is the minimal number of generators of the canonical module,

type(K[AoB]) = #(Maop) = [#(A™ 1)+ #({Ma+ A 2P\ {(1,..., 1)+ A })]#(Mp).
We denote
E(TQ_Z) = {a S qunl ’ ap>1, a;+... + oy = 11 + (7“2 — 1)(7”&1 —jl) +t,

Q41+ ... +tap, =n;—i1+ (ra—1)j1 —t, for any k € [n] and t € [ng — i1 — j1 — 1]}
It is easy to see that E(2=2) D {M 4+ A2\ {(1,...,1)+A™~'}. Since for any a € E("2~2)
we have a1 + ...+ =y +i1— 1+ t+ (re —2)(n1 — J1), Qig41 + .. + g = ng —
11 + J1 *tJr(TQ*Q)jl for t € [nlfil — 71 *1] and the set {(n1 *j1)€T+j1 €s | 1<
r < i and i1 +1 < s < n1} C A are extremal rays of the cone Ry A it follows that
{Mag+ A=723\ {(1,...,1) + A= 1} = B2 For any 1 <t < ny —i; — ji — 1, the
equation oy + ...+ a;, =11+ (r2 —1)(n1 — j1) + ¢ has Q;, (i1 + (r2 — 1)(ny — j1) +¢) distinct
nonnegative integer solutions with ay > 1, for any k € [i1], respectively a;, 11+ ...+ ap, =
ny —ip + (rg — 1)j1 — t has Qn,—i,(n1 — i1 + (r9 — 1)j1 — t) distinct nonnegative integer
solutions with ay > 1 for any k € [n1] \ [i1]. Thus, the cardinal of E("2~2) is

ny—i1—ji—1
#(Er=2) = Z Qi (i1 + (r2 — 1)(n1 — j1) + ) Qny—iy (n1 — i1 + (r2 — 1)j1 — t).
t=1
So,
type(K[Ao B]) = [#(A7") + #(E")] type(K[B)).
O

Corollary 6. Let K[A] and K|[B] the base rings of the transversal polymatroids presented
by A and B and K[A ¢ B] the base ring of the transversal polymatroid presented by A < B,
then: K[Ao B] is Gorenstein ring if and only if K[A] and K[B] are Gorenstein rings.

Next we will give some examples.

Let A= {Al, N ,A5}, B = {Aﬁ, Ce ,A12} and AoB = {Al, N ,Alg}, where A1 = Ag =
Ay = As =[5], A2 =[5]\[2], A = Ag = A1 = A1 = A2 = [12]\ [5], A7 = Ag = [12]\[8].

The type of K[ Ao B is

type(K[AoB]) =1+ (7—1)1680 + (113 —1)126 — (7 — 1)(113 — 1) = 23521,
where
type(K[A]) =7, type(K[B]) = 113, Q1 = 126, Q2 = 1680.

The Hilbert series of K[A ¢ B] is

1+ 188149t + 322502952 + ... + 346084753 + 211669tY + 10
HK[.AOB} (t) = (1 - t)ll .

Note that type(K[Ao B]) =1+ hg — hy = 23521.
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Let A= {Al, N ,A7}, B = {Ag, e ,A15} and AoB = {Al, e ,A15}, where A1 = AG =
A7 = [7], AQ = Ag = A4 = A5 = [7] \ [5], Ag = A15 = [15] \ [7], Ag = A10 = All = Alg =
Avg = A1 = [15]\ [13].

The type of K[Ao B is

type(K[Ao B]) = (i (t ; 1) (27 . t) )169 = 1327326,

t=5 !
where

type(K[B]) = 169.
The Hilbert series of K[A ¢ B] is

1+ 62818t + 12287443t + ... + 91435344t% + 132732610
HK[AoB} (t) = (1— t)14 ’

Note that type(K[A< B]) = h1g = 1327326.

Let A= {Al, ce ,Ag}, B= {Ag, ce ,A16} and AoB = {Al, e ,Alg}, where Al = A4 =
As = Ag = A7 = Ag = [8], Ay = A3 =[8]\[3], Ag = Aig=[16]\[8], A1o= Ay = App =
Ay = Ag = Ays = [16] \ [14].

The type of K[ Ao B is

type(K[Ao B]) = (2572125 + 42630)169 = 441893595,

where
type(K[A]) = 226, type(K[B]) = 169, G = 2572125, E = 42630.
The Hilbert series of K[A ¢ B] is

1+ 1266825t + 661717155t2 + ... + 3240788881510 + 441893595¢11
HK[.AOB} (t) = (1— t)15 )

Note that type(K[Ao B]) = hi; = 441893595.

We end this section with the following conjecture:

Conjecture: Let n > 4, A; C [n] for any 1 < ¢ < n and K[A] be the base ring associated
to the transversal polymatroid presented by A = {A;,..., A, }. If the Hilbert series is:

1+hit+...+hpp t" 7

H t) =
then we have the following:
1) If » =1, then type(K[A]) =1+ hyp—2 — h1.
2) If 2 < r < n, then type(K[A]) = hp—r.
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