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Abstract. In this present paper, we characterize the Darboux vectors D with any or-
thogonal frame apparatus in Minkowski 3-space E3

1. We give a necessary and sufficient
conditions for D to satisfies Tzitzéica condition and we show the relationships between
the Darboux vectors and the spherical indicatrix curves when its satisfying the Tzitzéica
condition in E3

1.
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1. Introduction

The notion of the Darboux vector is introduced by Gaston Darboux in the theory of
space curves ([6]) as an areal velocity vector of the Frenet frame of a space curve. In
terms of the Frenet-Serret frame apparatus, the Darboux vector D in Euclidian space is
given by

D = τT (s) + κB(s)

A new vectors are introduced in ([3],[4],[9] and [10]) called modified Darboux and the
new modified Darboux vectors are defined, respectively, by

D=
τ

κ
(s)T (s) +B(s) and D = T (s) +

κ

τ
(s)B(s)

We denote the set of these Darboux vectors by D (i.e. D = {D,D,D}).
In Minkowski 3-space E3

1 , the Darboux vectors D are defined in Frenet frame apparatus
as

D :


D = ε1τT (s) + ε2ε3κB(s)
D=ε1

τ
κ
(s)T (s) + ε2ε3B(s)

D = ε1T (s) + ε2ε3
κ
τ
(s)B(s)

where ε1, ε2 and ε3 are the causal characters of the vectors T,N and B, respectively.
On the other hand, Gheorghe Tzitzéica has introduced a class of curves (See [11]),

called Tzitzéica curves, for which the ratio of its torsion and the square of the distance d
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from the origin to the osculating plane at arbitrary point of the curves is constant, i.e.,

(1.1)
τ

d2
is nonzero constant

in this paper, we call condition given in equation (1.1) by the Tzitzéica condition for
curves.

Our study are devoted to any orthogonal frame apparatus in E3
1 , we characterize the

Darboux vectors D satisfying the Tzitzéica condition and we give relationship between D
and the spherical indicatrix curves when its satisfies the Tzitzéica condition. A particular
case, when this frame coincide with a Frenet-Serret frame, and {N,C,W, f, g} frame (For
more detail see [12]) are given in E3

1 .
The paper is organized as follows:

A basic definitions in Minkowski 3-space E3
1 are given in section 2.

In section 3, we give a Frenet frame of the Darboux vectors (D, D) in E3
1 .

The section 4 is devoted to the characterization of the Darboux vectors D satisfying the
Tzitzéica condition in E3

1 given in the Theorem 4.1 with any frame apparatus defined in
the Proposition 3.1.
Finally in section 5, some relationships are given in the Theorems 5.4, 5.5 and 5.8 between
the Darboux vectors D and the spherical indicatrix curves to satisfying the Tzitzéica
condition with any orthogonal frame apparatus and a results in particular case of frames
(Frenet and {N,C,W, f, g}) are given.

2. Preliminaries

Let E3
1 be a 3-dimensional Minkowski space endowed with the standard flat metric

given by

g = dx21 + dx22 − dx23
where (x1, x2, x3) is a standard rectangular coordinate system of E3

1 . An arbitrary vector
x = (x1, x2, x3) in E3

1 can be one of three Lorentzian causal characters; it can be space-
like if g(x, x) > 0 or time-like if g(x, x) < 0 or null (light-like) if g(x, x) = 0. A curve
α : I ⊂ R → E3

1 with arc-length parameter s can be a locally space-like, timelike or null
(light-like), if all of its velocity vectors α′(s) are respectively space-like, time-like or null
(light-like). We say that a time-like vector is future pointing or past pointing if the first
compound of the vector is positive or negative, respectively. A space-like or time-like
curve α(s) has a unit speed, if g(α′(s), α′(s)) = ±1.

The Minkowski wedge product of two vectors in E3
1 is defined by

x ∧1 y = (x3y2 − x2y3, x1y3 − x3y1, x1y2 − x2y1).

where x = (x1, x2, x3) and y = (y1, y2, y3) are any vectors in E3
1 . The norm of x is denoted

by ‖x‖ =
√
|g(x, x)| and two vectors x and y in E3

1 are said to be orthogonal, if g(x, y) = 0.
The Lorentzian (or de Sitter) unit sphere and hyperbolic unit sphere in E3

1 , are given,
respectively, by
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S2
1 = {x = (x1, x2, x3) ∈ E3

1/ g(x, x) = 1} and

H2 = {x = (x1, x2, x3) ∈ E3
1/ g(x, x) = −1}.

Let α : I ⊂ R → E3
1 be a unit speed curve with arc-length parameter s. In general, a

moving frame of a curve α with arclength parameter s in Minkowski 3-space E3
1 is defined

by 4-tuple (α(s);N1, N2, N3); where α(s) is a choice on the curve α and (N1, N2, N3) is an
any orthonormal basis of the vector space E3

1 based at α(t). The vector N1(s) is a unit
normal vector, N2(s) is perpendicular to the vector N1(s) and N3(s) = N1(s)×N2(s) for
every parameter s.

Since, the frame (N1, N2, N3) is orthonormal under the inner product of Minkowski
3-space E3

1 , the change of the frame and its derivative is given by the following matrix

(2.1)

 N ′
1

N ′
2

N ′
3

 =

 0 κ1 ε3κ2

−ε1ε2κ1 0 κ3

κ2 −ε2ε3κ3 0

 N1

N2

N3


and

< N1, N1 >1= ε1; < N2, N2 >1= ε2; < N3, N3 >1= ε3 and

< N1, N2 >1=< N2, N3 >1=< N3, N1 >1= 0

where κi(s)i=1,3 are a curvature functions and (εi)i=1,2 = ±1.
A curve α : I ⊂ R→ E3

1 with a unit tangent vector and any orthogonal frame apparatus
{N1, N2, N3,κ1,κ3} is called a helix if for all parallel vector field X along α make a
constant angle with N1, it is characterized by the ratio of its curvature and torsion is
constant i.e

g(N1, X) is constant if and only if
κ1

κ3

is constant

We call α a Ni-helix if g(Vi, X) = c non-zero constant for i = 1, 2, 3. Moreover, α is a
Tzitzéica curve or satisfies the Tzitzéica condition if

κ2

d
is nonzero constant

The general Darboux vector field D in the terms of the moving frame apparatus
{N1, N2, N3,κ1,κ3} in E3

1 , can be expressed as

D = ε1κ3(s)N1(s) + ε1ε2κ2(s)N2(s) + ε2ε3κ1(s)N3(s)

with following symmetrical properties

(2.2)

 D ×N1 = N ′
1

D ×N2 = N ′
2

D ×N3 = N ′
3

When κ2(s) = 0, the modified Darboux vector field is defined in ([4]) by

(2.3) D=ε1
κ3

κ1

(s)N1(s) + ε2ε3N3(s)
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with the condition κ1(s) 6= 0 and the new modified Darboux vector field by

D = ε1N1(s) + ε2ε3
κ1

κ3

(s)N3(s)

such that κ3(s) 6= 0.

3. Frame of D in E3
1

In this section, we give a Frenet frame apparatus of the Darboux vectors D and D . Let
α be a spacelike or timelike unit speed curve with arclength parameter s in Minkowski
3-space E3

1 with any orthogonal frame apparatus {N1, N2, N3,κ1,κ3}.
Using the formula (2.3), the differentiating of D with respect to s give

dD
ds̃

ds̃

ds
= ε1(

κ3

κ1

)′(s)N1(s)

we can easily see that

ds̃ = (
κ3

κ1

)′(s)ds

The unit tangent vector field TD of D is parallel to the vector field N1(s); that is,

(3.1) TD = N1(s)

Differentiating the equation (3.1) with respect to s,

κDND(
κ3

κ1

)′(s) = κ1(s)N2(s)

then

(3.2) κD =
κ1

(κ3

κ1
)′

So, ND is parallel to the vector field N2(s) and we have

(3.3) ND = N2(s)

If we differentiate the last equation with respect to s, then we obtain

(3.4) BD = N3(s)

the torsion is given by

(3.5) τD =
κ3

(κ3

κ1
)′

(s)

From the above formulas, we can give the following proposition.

Proposition 3.1. Let α be a not helix unit speed curve in Minkowski 3-space E3
1 with

any orthogonal frame apparatus {N1, N2, N3,κ1,κ3}. Then Frenet frame apparatus
{TD, ND, BD,κD, τD} of the modified Darboux vector D is given by

(3.6)

 TD = N1(s)
ND = N2(s)
BD = N3(s)

, κD =
κ1

(κ3

κ1
)′

(s) and τD =
κ3

(κ3

κ1
)′

(s).
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Similarly, the Frenet frame {TD, ND, BD,κD, τD} apparatus of the new modified Dar-

boux vector D is

(3.7)


TD = N3(s)
ND = −N2(s)
BD = N1(s)

, κD =
κ3

(κ1κ3
)′

(s) and τD =
κ1

(κ1

κ3)′
(s).

4. The vectors D satisfying the Tzitzéica condition in E3
1

We suppose in this section that α is a spacelike or timelike unit speed curve with
arclength parameter s in Minkowski 3-space E3

1 with any orthogonal frame apparatus
{N1, N2, N3,κ1,κ3} defined in the equation (2.1) with κ2 = 0.

The characterizations of the Darboux vectors D to satisfying the Tzitzéica condition
are given in the following propositions.

Theorem 4.1. Let α be a not N1 or N3-helix curve in E3
1 . The Darboux vectors D and

D are a Tzitzéica curves if and only if the ratio κ3

(
κ3
κ1

)′
and κ1

(
κ1
κ3

)′
are constants respectively.

Proof. Let α be a not N1-helix curve in E3
1 (i.e (κ3

κ1
)′(s) 6= 0) and considering the modified

Darboux vector

D=ε1
κ3

κ1

(s)N1(s) + ε2ε3N3(s).

From the equation (1.1), D is a Tzitzéica curve if and only if

τD
< D, BD >2

is a constant

where τD is the torsion of the D. Using the equation (2.3) and the Proposition 3.1, we
have

< D, BD >= 1

The Tzitzéica condition for D give
τD

< D, BD >2
= c =⇒ κ3

(κ3

κ1
)′

(s) = c

Similar, when α is not N3-helix curve in E3
1 , we can prove that D is Tzitzéica curve if and

only if κ1

(
κ1
κ3

)′
(s) = c (nonzero constant). �

For some particular case of a curvature functions κ1(s) and κ3(s), the Darboux vector
D satisfies the Tzitzéica condition in the following proposition.

Proposition 4.2. Let κ1 = λes and κ3 = c (constant) be a curvature functions with
frame apparatus {N1, N2, N3,κ1,κ3}, then the Darboux vector

D = cε1N1 + ε2ε3κ1N3

is a Tzitzéica curve.
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Proof. Let α be a curve in E3
1 with the curvatures functions κ1 = λes and κ3 = c. The

differentiating of D with respect to s give

dD
ds

ds

ds
= ε2ε3κ1

′(s)N3(s)

and

ds = ε2ε3κ1(s)ds

The unit tangent vector field TD is

(4.1) TD = N3(s)

and we have

κDNDκ1(s) = −N2(s)

The curvature κD of D is

(4.2) κD =
−1

κ1(s)′
and ND = −N2(s)

we differentiate ND with respect to s, then

(4.3) BD = N1(s)

and the torsion of D is

(4.4) τD =
κ1(s)

(κ1)′(s)

so, the orthogonal frame apparatus of D is

(4.5)

 TD = N3(s)
ND = −N2(s)
BD = N1(s)

We have
τD

< D, BD >2
=
τD
c2

=
κ1(s)

c2(κ1)′(s)
=

λes

c2λes
=

1

c2
constant.

The ration τD
<D,BD>2 is constant then the Darboux vector D satisfies the Tzitzéica condition.

�

Corollary 4.3. Let α be a curve in E3
1 with Frenet frame apparatus {T,N,B, κ, τ}. If

the curve α has a curvature κ(s) = λes and constant torsion then D is Tzitzéica curve.

5. The vectors D and the spherical indicatrix curves
satisfying the Tzitzéica condition in E3

1

At the first, we recall the definition of the spherical indicatrix curves and these prop-
erties in different frame apparatus (See [1], [5] and [7]).
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Definition 5.1. Let α be a spacelike or timelike unit speed curve in E3
1 with any frame

apparatus {N1, N2, N3,κ1,κ3}. The unit vectors N1, N2 and N3 along the curve α(s) gen-
erate a curve N1(s), N2(s) and N3(s) on the sphere of radius 1 about the origin. The
curve N1(s), N2(s) and N3(s) is called the spherical indicatrix of the vectors N1, N2 and
N3 respectively.

Proposition 5.2 ([3]). Let α : I → E3
1 be a not N1 or N3-helix spacelike or time-

like unit speed curve in Minkowski space E3
1 with any orthonormal frame apparatus

{N1, N2, N3,κ1,κ3}. Then the following statements hold.
i: κ3

κ1
(s) is the geodesic curvature of the curve N1(s) with κ1(s) 6= 0.

ii: κ1

κ3(s) is the geodesic curvature of the curve N3(s) where κ3(s) 6= 0.

Proposition 5.3 ([3]). Let α : I → E3
1 be a not slant helix spacelike or timelike unit speed

curve in E3
1 with the alternative moving frame apparatus {N,C = N ′

‖N ′‖ ,W = N ×C, f, g}
defined in ([12]), along the curve α . Then the following statements hold.
i: g

f
(s) is the geodesic curvature of the curve N(s) with f(s) 6= 0.

ii: f
g
(s) is the geodesic curvature of the curve W (s) with g(s) 6= 0.

Now, we give the relationships between D and the spherical indicatrices to satisfying
the Tzitzéica condition in E3

1 .

Theorem 5.4. Let α be a not N1-helix spacelike or timelike unit speed curve in E3
1 . D is

Tzitzéica curve if κg = c
∫
κ3ds, where κg is the geodesic curvature of N1(s).

Proof. Let α be a not helix curve in E3
1 (i.e (κ3

κ1
)′(s) 6= 0) and considering the modified

Darboux vector

D=ε1
κ3

κ1

(s)N1(s) + ε2ε3N3(s).

From the Theorem 4.1, D is a Tzitzéica curve if

κ3(s)

(κ3

κ1
(s))′

= c is a constant

and from the Proposition 5.2, the geodesic curvature κg of TD is κ3

κ1
(s) then

κ′g = cκ3(s) and κg = c

∫
κ3(s)ds

�

Similarly, we give the Tzitzéica condition for the modified Darboux vector D in the
following theorem.

Theorem 5.5. Let α be a not N3-helix spacelike or timelike unit speed curve in E3
1 . If

κg = c
∫
κ1ds then D is a Tzitzéica curve where κg is the geodesic curvature of N3(s).
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Corollary 5.6. Let α be a not helix spacelike or timelike unit speed and curve in E3
1 with

Frenet frame apparatus {T,N,B, κ, τ} Then
1/ If the geodesic curvature of T is κg = c

∫
τds then the modified Darboux vector D is a

Tzitzéica curve.
2/ If the geodesic curvature of B is κg = c

∫
κds then the modified Darboux vector D is a

Tzitzéica curve.

Lemma 5.7 ([2]). Let α(s) be a not N1 or N3-helix spacelike or timelike unit speed curve
in E3

1 with moving frame apparatus {N1, N2, N3,κ1,κ3}. Then we have

1/ If the ratio
κ1(κ3/κ1)

′

κ2
3

(s) is constant then N1(s) is a Tzitzéica curve.

2/ If the ratio
κ3(κ1/κ3)

′

κ2
1

(s) is constant then N3(s) is a Tzitzéica curve.

Theorem 5.8. Let α be a not N1 or N3-helix spacelike or timelike unit speed curve in E3
1

with moving frame apparatus {N1, N2, N3,κ1,κ3}. Then N3(s) (resp N1(s)) is a Tzitzéica

curve if and only if D (resp. D) is a Tzitzéica curve.

Proof. Let α be a not N3-helix curve in E3
1 (i.e. κ1/κ3(s) is constant) and let N3(s) be a

Tzitzéica curve. From the Lemma 5.7, we have

(5.1)
κ3(κ1/κ3)

′

κ2
1

(s) = c (constant)

using the Proposition 5.2, the geodesic curvature of N1(s) is

(5.2) κg =
κ3

κ1

(s)

from the equations (5.1) and (5.2), we get the ordinary differential equation

(5.3)
κ2

3(κ1/κ3)
′

κ2
1

(s) = κ2g(1/κg)
′ = cκ3(s)

and

(5.4) −κg ′ = cκ3(s)

the solution of the ODE given in theequation (5.4) is

κg = c

∫
κ3ds

then from the Theorem 5.5, D is a Tzitzéica curve.
It is similar to prove that if α is not N1-helix curve in E3

1 , then N1(s) is a Tzitzéica curve

if and only if D is a Tzitzéica curve. �
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Corollary 5.9. Let α be a not helix spacelike or timelike unit speed curve in E3
1 with

Frenet frame apparatus {T,N,B, κ, τ}, then
1/ The curve T (s) is a Tzitzéica curve if and only if the modified Darboux vector

D = ε1T (s) + ε2ε3
κ

τ
(s)B(s).

is a Tzitzéica curve.
2/ The curve B(s) is a Tzitzéica curve if and only if the modified Darboux vector

D= ε1
τ

κ
(s)T (s) + ε2ε3B(s)

is a Tzitzéica curve.

Proof. It’s direct consequence of the Theorem 5.8. �

From the Theorem 5.8 and the proposition 5.3, we can give the following corollary

Corollary 5.10. Let α be a not slant helix spacelike or timelike unit speed curve in E3
1

with frame apparatus {N,C = N ′

‖N ′‖ ,W = N × C, f, g}, then

1/ The curve N(s) is a Tzitzéica curve if and only if the modified Darboux vector

D = ε1T (s) + ε2ε3
f

g
(s)B(s).

is a Tzitzéica curve.
2/ The curve W (s) is a Tzitzéica curve if and only if the modified Darboux vector

D= ε1
g

f
(s)T (s) + ε2ε3B(s)

is a Tzitzéica curve.
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