COFINITENESS AND ARTINIANNESS OF GENERALIZED LOCAL
COHOMOLOGY MODULES

ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE, 2015, VOLUME 5, ISSUE 1, p.63-69

FATEMEH DEHGHANI-ZADEH
Abstract. Let R be a commutative Noetherian ring, a and b ideals of R and let M
and N be two finitely generated R-modules. In this paper, we study the cofiniteness of
Hbj (Hai (M, N )) in several cases.
Mathematics Subject Classification (2010): 13D45, 13E99
Key words: generalized local cohomology modules, cofinite modules, artinian modules.

Article history:
Received 10 December 2014
Received in revised form 13 April 2015
Accepted 20 April 2015

1. Introduction
Throughout this paper, R will denote a commutative Noetherian (not necessarily local) ring, and M ,
N are two finitely generated R-modules. Also, a and b will denote two proper ideals of R.
Let Hai (M, N ) = lim ExtiR (M /an M , N ) be the i-th generalized local cohomology module relative to
−→
n∈N

the ideal a and R-modules M and N (see [8] ). For M = R, let us denote Hai (R, N ) by Hai (N ), the
i-th ordinary local cohomology module with respect to a. In [6] Grothendieck conjectured
that for any

ideal a and for any finite generated R-module N , the R-module Hom R/a, Hai (N ) is finite generated.
In an Inventiones Mathematicae paper (see [7] ) Hartshorn gives a counterexample to this conjecture and
makes some additional assumptions to the original proposal of Grothendieck, introducing for instance
the notion of a-cofiniteness for a module. He defined an R-module T to be a-cofinite if ExtiR (R/a, T )
is finitely generated for all i ≥ 0 and SuppT ⊆ V (a), where V (a) denotes the set of prime ideals of R
containing a, and asked the following question:
Let N be a finitely generated R-module and let a be an ideal of R. Then, is Hai (N ) a-cofinite ?
This question has been studied by several authors; see for example, Yoshida [15], Zamani [14], Cuong,
Goto and Hong [12], Dehghani-Zadeh [3], Bahmanpour and Naghipour [2].
In this note the following question is of interest: Are the modules Hbj (Hai (M, N )), b-cofinite?
The main purpose of this paper is to provide an affirmative answer to this question. In this direction as
the result of this paper we prove Hbj Hai (M, N ) is b-cofinite, in the following cases:
(i) dim R/a ≤ 1 and dim R/b ≤ 1.
(ii) dim R/a = 2 and dim R/b = 1 and i ≤ fa (M, N ), where fa (M, N ) is the least non-negative
integer i such that Hai (M, N ) is not finitely generated.
In addition, we assume that R is a local ring with its maximal ideal m and we study in what conditions
on ” i” the module Hbj (Hai (M, N )) is b-cofinite, does not matter the number dim R/b and dim R/a are.
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2. Cofiniteness of Hbj (Hai (M, N )) for ideals of small dimension.
The concept of a cofinite module plays an important role in this paper. We say that T is a cofinite
module if there is a proper ideal I of R such that T is I-cofinite. In this section, we study the cofiniteness
of the modules Hbj (Hai (M, N ))(i, j ∈ N0 ), where a, b are ideals in an arbitrary Noetherian (not necessarily
local) ring R with a ⊆ b and M, N finitely generated modules over R.
For any unexplained notation and terminology, we refer the reader to [1] and [13].
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The following remark, which is needed in the proof of the next theorems, describes some of properties
of cofinite modules.
Remark 2.1.
(i) Assume that T is an a-cofinite R-module. Then T is a-torsion-free if and only if
a contains an element x which is T -regular. (see a proof in [1, Lemma 2.1.1] for instance).
(ii) The class of Artinian a-cofinite modules is closed under taking submodules, quotients and extensions. (see [10, Corollary 4.4] ).
(iii) Let T and T ′ be two a-cofinite modules. If f : T → T ′ is a homomorphism between these two
a-cofinite modules and one of the three modules Kerf , Imf and Cokerf is a-cofinite, then all
three of them are a-cofinite.
(iv) If R is a local ring with its maximal ideal m, then an R-module is m-cofinite if and only if it is
an Artinian R-module (see [9] ). S
(v) For each R-module T , set Γb (T ) = n∈N (0 :T bn ), the set of elements of T which are annihilated
by some power of b.
Theorem 2.2. Let a ⊆ b be two ideals of R such that dim R/b = 0. Let T be an a-cofinite R-module
and M be a finitely generated R-module. Then Hbi (M, T ) is an Artinian, a and b-cofinite R-module.
Proof. Firstly, we provide some facts which are needed in the course of the proof. As T is a-cofinite,
the R-module Hom(R/a, T ) is finitely generated. Hence Hom(R/b, T ) and Hom(R/b, Γb (T )) are finitely
generated R-modules. Since dim R/b = 0, it follows that Hom(R/b, Γb (T )) is of finite length. Therefore,
by [10, Proposion 4.1], we deduce that Γb (T ) is an b-cofinite
and Artinian R-module. In addition,

finiteness of Hom(R/a, T ) shows that, Hom R/a, Γb (T ) is finitely generated. According to Melkersson
[10, Proposition 4.1], Γb (T ) is an Artinian and a-cofinite R-module. Now we use mathematical induction
on ” i” . If i = 0, then Hb0 (M, N ) ∼
= Hom(M, Γb (T )), and the assertion is trivial, by Remark (2.1, ii). Let
i > 0 and we assume that the result is true for i − 1. Let us consider the exact sequence

Hbi (M, Γb (T )) −→ Hbi (M, T ) −→ Hbi M, T /Γb (T ) ,


) ∼
in conjunction with the fact that Hbi M, Γb (T
= ExtiR M, Γb (T ) , to see that Hbi (M, T ) is Artinian

and b-cofinite if and only if Hbi M, T /Γb (T ) is Artinian and b-cofinite. We assume that Γb (T ) = 0.
Then, in view of Remark (2.1, i), the ideal b contains an element x which is T -regular. Now, let us look
x
at the exact sequence 0 −→ T −→ T −→ T /xT −→ 0 which gives rise to the exact sequence
x

Hbi−1 (M, T /xT ) −→ Hbi (M, T ) −→ Hbi (M, T ).
Now, the above exact sequence
 is used in conjunction with the inductive hypothesis and Remark (2.1,
ii) to see that 0 :Hbi (M,T ) x is Artinian and b-cofinite. Hence, by [10, Proposition 4.1], Hbi (M, T ) is

Artinian and b-cofinite. In the same way we can prove that Hbi (M, T ) is also a-cofinite.
Corollary 2.3. Let a ⊆ b be two ideals of R such that dim R/b = 0 and dim R/a = 1. Then for each
j, i ≥ 0, Hbj (Hai (M, N )) is an Artinian and b and a-cofinite R-module.
Proof. It follows from Theorem 2.2 and [3, Theorem 3.3].
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Theorem 2.4. Let a ⊆ b be two ideals of R such that dim R/b = dim R/a = 1. If T is a-cofinite
and i a positive integer, then Exti−1
R/b, Hb1 (T ) is a finitely generated R-module if and only if
R

i+1
ExtR R/b, Γb (T ) is a finitely generated R-module.
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Proof. By [11, Theorem 11.38], there exists a Grothendieck, s spectral sequence
 p

E2p,q = ExtpR R/b, Hbq (T ) =⇒ Extp+q
R/b, T .
(∗)
R
Since SuppT ⊆ V (a) and dim R/a = 1, it follows that dim(T ) ≤ 1. This implies that R-module Hbq (T ) = 0
for q > 1 (see [1, Theorem 6.1.2]). Hence E2p,q = 0 unless q = 0, 1. Therefore, using the spectral sequence
(∗) with [13, Exercise 5.2.2], the long exact sequence is resulted, which is following:

 ϕ
 d
R/b, Hb1 (T )
R/b, T −→ Exti+1
R/b, Hb0 (T ) −→ Exti−1
Exti+1
R
R
R


ψ
−→ ExtiR R/b, T −→ ExtiR R/b, Hb0 (T ) .
In view of hypothesis and [4, Corollary 1], ExtiR (R/b, T ) is finitely generated for all i. Hence Imϕ and
Imψ are finitely generated. This proves the claim.


Theorem 2.5. Let a ⊆ b be two ideals of R such that dim R/b = dim R/a = 1. Then Hbj Hai (M, N ) is
b-cofinite for all i and j.
Proof. Consider the Grothendieck spectral sequence
 p
E2p,q = Hbp Haq (M, N ) =⇒ Hbp+q (M, N ).
SuppHaq (M, N )

(∗∗)

E2p,q

Since
⊆ V (a) and dim R/a = 1, it follows that
= 0 unless p = 0, 1. Referring [13,
Exercise 5.2.1], the spectral sequence (∗∗) results to the following short exact sequence:


0 −→ Hb1 Hai−1 (M, N ) −→ Hbi (M, N ) −→ Hb0 Hai (M, N ) −→ 0.
Thus, there is a long exact sequence


· · · −→ ExtnR R/b, Hbi (M, N ) −→ExtnR R/b, Hb0 (Hai (M, N )) −→


−→ Extn+1
R/b, Hb1 (Hai−1 (M, N )) −→Extn+1
R/b, Hbi (M, N ) −→ · · · .(‡)
R
R
In view of [3, Theorem 3.3], Hbi (M, N ) is b-cofinite and Hai (M, N ) is a-cofinite for all i. Therefore, using
the exact sequence (‡) and Theorem 2.4 the result follows.

Lemma 2.6. Let Hai (N ) be Artinian for all i < t. Then Hai (M, N ) is Artinian and a-cofinite for all
i < t.
Proof. Since Hai (N ) is Artinian for all i < t, it follows that SuppHai (N ) is a finite set. Hence, by [2,
Theorem 2.6], the R-module Hai (N ) is also a-cofinite. The assertion follows from [4, Theorem 2.1] and
Remark (2.1,ii).

The following Corollary is an immediate consequence of Lemma 2.6.
Corollary 2.7. If dim R/a = 0, then Hai (M, N ) is Artinian and a-cofinite for all i.
Theorem 2.8. Let a, b be two ideals of R such that dim R/b = dim R/a = 0. Then Hbj (Hai (M, N )) is
b-cofinite for all i, j.
Proof. Since, for each i, j ≥ 0, SuppHbj (Hai (M, N )) ⊆ V (b), it is enough to show that

ExttR R/b, Hbj (Hai (M, N ))
is finitely generated for all t ≥ 0. By using the previous corollary Hai (M, N ) is a-cofinite and Artinian,
and so Hb0 (Hai (M, N )) is a-cofinite and Artinian. Since a ⊆ b, it follows from [5, Corollary1] that
ExttR R/b, Hb0 (Hai (M, N )) is finitely generated, for all t ≥ 0. As SuppHai (M, N ) ⊆ V (a) and dim R/a =
0, it follows that Hbj (Hai (M, N )) = 0 for all j > 0. This completes the proof.
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Definition 2.9. Let a be a proper ideal of R. The number

fa (M, N ) = inf i ∈ N0 | Hai (M, N ) is not finitely generated ,
is called the finiteness dimension of M and N relative to the ideal a.
The arithmetic rank of an ideal a, denoted by ara(a), is the least number of generates of all ideals c which
have the same radical as a.

ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE, 2015, VOLUME 5, ISSUE 1, p.63-69

Theorem 2.10. Let a ⊆ b be two proper ideals of R such that dim R/a = 2 and dim R/b = 1. Let

fa (M, N ) = f . Then Hb0 (Haf (M, N )) is b-cofinite and for all i < f and any j, Hbj Hai (M, N ) is a
b-cofinite R-module too.
Proof. As dim R/a = 2 and dim R/b = 1, there is x ∈ b such that dim R/(a + Rx) = 1. This is by
p
[11, Theorem 11.38], the Grothendieck spectral sequence E2p,q = HxR
(Haq (M, N )) converges to H p+q =
p,q
p+q
HRx+a (M, N ). As ara(Rx) = 1, it is easy to see that E2 = 0 unless p = 0, 1; it follows that the sequence
0 → E21,f −1 → H f → E20,f → 0 is exact, which, in turn, yields the exact sequence
f
0
1
(M, N ) → HRx
(Haf (M, N )) → 0.
HxR
(Haf −1 (M, N )) → HRx+a

(§)

In view of Definition 2.9, the R-module Haf −1 (M, N ) is finitely generated. Therefore, by [10, Proposion

1
1
(Haf −1 (M, N ))
5.1] the R-module HRx
(Haf −1 (M, N )) is Rx-cofinite and Artinian. So, ExttR R/Rx, HRx

1
(Haf −1 (M, N ))
is a finitely generated R-module for all t. In view of [5, Corollary 1], ExttR R/(Rx+a), HRx
1
1
is a finitely generated R-module. Also, as SuppHRx
(Haf −1 (M, N )) ⊆ V (Rx+a) we get that HRx
(Haf −1 (M,
f
N )) is Artinian and (Rx + a)-cofinite. Now, since dim R/(Rx + a) = 1, HRx+a (M, N ) is (Rx + a)-cofinite.
0
It follows from the exact sequence (§) and Remark (2.1,iii) that the R-module HRx
(Haf (M, N )) is (Rx+a)f
f
0
cofinite. Therefore, the result follows from Hb0 (HRx
(Ha (M, N )) ∼
= Hb0 (Ha (M, N )) and Theorem 2.5.
The last part of the theorem is clear by [15, Theorem 1.1] and the definition of fa (M, N ).

3. Cofiniteness of Hbj (Hai (M, N )) for some indices i, j.
Let a and b be two ideals of R and let m be a maximal ideal of R such that a + b is m-primary. The
aim of this section is to study the cofiniteness of the modules Hbj (Hai (M, N )) for some particular valuse
of ” i, s” .
Definition 3.1. Let us define the following number:

qa (M, N ) = sup i | Hai (M, N ) is not Artinian .
If Hai (M, N )is Artinian for all i, we write qa (M, N ) = −∞.
In addition, cda (M, N ) denotes the largest non-negative integer i such that Hai (M, N ) is not equal to
zero.
Theorem 3.2. Let a, b be two ideals of R and let m be a maximal ideal of R such that a+b is m-primary.
If SuppM ⊆ V (a), then Hbi (M ) is Artinian and b-cofinite for all i.
Proof. It is argued by induction on i. It is straightforward to see that the result is true when i = 0.
Now, inductively assume that i > 0 and that the assertion
has been proved for i − 1. It follows, from

[1, Corollary 2.1.7(iii)] that Hbi (M ) ∼
= Hbi M/Γb (M ) for all i ≥ 1. Also, M/Γb (M ) is a b-torsion free
R-module. Then the ideal b contains an element x, which avoids all members of AssM . It is clear that
Supp(M/xM ) ⊆ V (a). In addition, the exact sequence 0 −→ M −→ M −→ M/xM −→ 0 induces the
exact sequence
x
Hbi−1 (M/xM ) −→ Hbi (M ) −→ Hbi (M ) −→ Hbi (M/xM ),

that implies that the R-module 0 :Hbi (M ) x is Artinian and b-cofinite. Therefore, in view of [10,
Proposition 4.1], Hbi (M ) is Artinian and b-cofinite.
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Theorem 3.3. Let a and b be two ideals of R and m be a maximal ideal of R such
 that a+b is m-primary.
Let ara(b) = t and cda (M, N ) = c. Then Hbt Hac (M, N ) and Hbt−1 Hac (M, N ) are Artinian R-modules.
Proof. Consider the Grothendieck spectral sequence [11, Theorem 11.38]
 p
p+q
(M, N ).
E2p,q = Hbp Haq (M, N ) =⇒ Hm
This spectral sequence induces an exact sequence of R-modules and R-homomorphisms
di,j
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i+2,j−1
i,j 2
for all i ≥ 0.
0 −→ ker di,j
2 −→ E2 −→ E2

(♯)

By the hypotheses E2p,q = 0 for all p > t or q > c. Then the sequence (♯) yields the isomorphisms below:
t−1,c ∼
t−1,c
t,c
t−1,c ∼
∼ t,c
Kerdt,c
= Ert−1,c for all r ≥ 2, it follows that
= Ert,c and E2
= E2  and E2 ∼
2 = E2 , Kerd2
t,c ∼
t−1,c ∼
t−1
c
p,q
t
c
t,c ∼
t−1,c ∼
is a subquotient
E∞
= Hb Ha (M, N ) and E∞ = E2 = Hb Ha (M, N ) . Now, since E∞
= E2
p+q
of the Artinian R-module Hm (M, N ) for each p, q ∈ N0 , the assertion immediately follows.

Remark 3.4. Let (R, m) be a local ring and let x1 , x2 , · · · , xn be elements of R. For each i = 1, · · · , n, we
put Ni = N/(x1 , x2 , · · · , xi )N and Ω =
S{p ∈ AssN | dim R/p > 1}. Then the element x1 is a generalized
regular element of N in a if x1 ∈ a − p∈Ω p. The sequence x1 , x2 , · · · , xn is named to be a generalized
regular sequence of N in a of length n if xi is a generalized regular element of Ni in a for all i = 1, · · · , n.
The length of a maximal generalized regular N -sequence in a is called the generalized depth of N in a
and is denoted by gdepth(a, N ). It is clear that gdepth(M/aM, N ) is a non-negative integer and it is
equal to the length of any maximal generalized regular N -sequence in a + (0 :R M ).
Lemma 3.5. (see [14, Theorem 3.2] ). Let (R, m) be local ring. Then

gdepth(M/aM, N ) = min i | SuppHai (M, N ) is an infinite set .
Lemma 3.6. (see [12,
 Theorem 1.2] ). Let t be a non-negative integer such that
dim Supp Hai (M, N ) ≤ 1 for all i < t. Then Hai (M, N ) is a-cofinite for all i < t.
Theorem 3.7. Let a and b be two ideals of R and let m be a maximal ideal of R such that a + b is
m-primary and let gdepth(M/aM, N ) = t. Then Hbj (Hai (M, N )) is Artinian and b-cofinite for all i < t
and j ≥ 0. Moreover, Hbj (Hat (M, N )) is an Artinian and b-cofinite R-module for all j = 0, 1.
Proof. By Lemma 3.6 and Lemma 3.5, we have that Hai (M, N ) is a-cofinite for all i < t. It is straightj
j
forward that Hbj (Hai (M, N )) ∼
= Hm (Hai (M, N )). Hence, by Theorem 2.2, Hb (Hai (M, N )) is Artinian and
b-cofinite for all j ≥ 0 and i < t. Since, by [11, Theorem 11.38], the Grothendieck, s spectral sequence
p+q
E2p,q = Hbp Haq (M, N ) converges to Hm
(M, N ). It follows from previous paragraph that E2p,q is Ari
(M, N ) is Artinian for all i ≥ 0. By using an argument
tinian and b-cofinite for all q < t. Note that Hm
similar to the proof of [4, Theorem 2.2], we obtain that Hbj (Hat (M, N )) is Artinian for all j = 0, 1. Since
the radical of the annihilator of Hom(R/b, Hbj (Hat (M, N )) is equal to m, the R-module Hbj (Hat (M, N )) is
Artinian and b-cofinite for all j = 0, 1.

Lemma 3.8. Let a, b be two ideals of R and let m be a maximal ideal of R such that a + b is m-primary.
Let Γa (T ) = T and we assume that T is an Artinian R-module. Then Hbi (M, T ) is Artinian and b-cofinite
for all i.
Proof. The hypotheses says that Hom(R/b, Γb (T )) is of finite length. Therefore, by [10, Proposion 4.1],
we deduce that Γb (T ) is b-cofinite and Artinian. Now, one can complete the proof by using a similar
method which we used in the proof of Theorem 2.2.

Theorem 3.9. Let us suppose that there exists an integer t ≥ 0 such that Hai (M, N ) is a-cofinite for all
i 6= t. Then Hai (M, N ) is a-cofinite for all i and Hbj Hai (M, N ) is an Artinian and b-cofinite R-module
for all i, j, where a + b is m-primary.
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Proof. Let us consider the convergent spectral sequence

 p
p+q
E2p,q = ExtpR R/a, Haq (M, N ) =⇒ ExtR M/aM, Γa (N ) .
Since Erp,q is a subquotient of E2p,q for all r ≥ 2, our hypotheses give us that Erp,q is finitely generated
for all r ≥ 2, p ≥ 0, and q 6= t. For each r ≥ 2 and p, q ≥ 0, let Zrp,q = Ker(Erp,q −→ Erp+r,q−r+1 ) and
Brp,q = Im(Erp−r,q+r−1 −→ Erp,q ). Note that Brp,q is finitely generated for all p, q and r ≥ 2, since either
Erp−r,q+r−1 or Erp,q is finitely generated. For all r ≥ 2 and p ≥ 0 we have the exact sequences
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p,t
0 −→ Brp,t −→ Zrp,t −→ Er+1
−→ 0

and

0 −→ Zrp,t −→ Erp,t −→ Brp+r,t−r+1 −→ 0.

p,t
On the other hand, E∞
is isomorphic to a subquotient of Extp+t
M/aM, Γa (N ) . Thus it is finitely
R
p,t
= Erp,t for r sufficiently large,it follows that Erp,t is finitely generated for
generated for all p. Since E∞
p,t
all p and all large r. Fix p and r and suppose Er+1
is finitely generated. From the first exact sequence
we obtain that Zrp,t is finitely generated. From the second exact sequence we get that Erp,t is finitely
generated for all r ≥ 2. In particular, E2p,t = ExtpR R/a, Hat (M, N is finitely generated for all p and the
result follows from Theorem 2.2.

The following corollary immediately follows from Theorem 3.9 and Definition 3.1.
Corollary 3.10. Let a, b be two ideals of R and let m be a maximal
ideal of R such that a + b is m
primary. Let fa (M, N ) = qa (M, N ) = t. Then Hbj Hai (M, N ) is an Artinian and b-cofinite R-module
for all i, j.

Proof. If i < fa (M, N ) then, in view of the definition of fa (M, N ) and Theorem 3.2, Hbj Hai (M, N ) is
an Artinian and b-cofinite R-module for all j. If i > qa (M, N ), then Hai (M, N ) is Artinian. It follows
from Lemma 3.8 that Hbj Hai (M, N ) is an Artinian and b-cofinite R-module for all j. Thus we consider
the case where i = t. To this end, consider the Grothendieck spectral sequence
 p
p+q
E2p,q = Hbp Haq (M, N ) =⇒ Hm
M, N ).
By using an argument similar with that one used in the proof of Theorem 3.9 the result follows.
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