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Abstract

In this paper we establish a very close link (in terms of von Neu-
mann’s coordinatization) between regular modules introduced by Zel-
manowitz, on one hand, and von Neumann regular rings, on the other
hand: we prove that the lattice Lfg(M) of all finitely generated sub-
modules of a finitely generated regular module M , over an arbitrary
ring, can be coordinatized as the lattice of all principal right ideals of
some von Neumann regular ring S.

1 Introduction and Main Results

In 1936, John von Neumann defined a ring R to be regular if for any
r ∈ R there exists s ∈ R such that r = rsr. Motivated by the coordina-
tization of projective geometry, which was being reworked at that time in
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terms of lattice, von Neumann introduced regular rings as an algebraic tool
for studying certain lattice: in fact, regular rings were used to coordinatize
complemented modular lattice, a lattice L being coordinatized by a regular
ring R if it is isomorphic to the lattice L(RR) of all principal right ideals of
R.

J. Zelmanowitz in paper [8] followed the original elementwise definition
of von Neumann and called a right R−module M regular if for any m ∈ M
there exists g ∈ HomR(M,R) such that mg(m) = m. Since a morphism
f ∈ HomR(R,M) is uniquely given by an element m ∈ M , one can re-
formulate the regular module defined by Zelmanowitz as follows: for any
f ∈ HomR(R,M) there exists g ∈ HomR(M,R) such that f = f ◦ g ◦ f .

In paper [2] it was defined the concept of a regular object with respect to
another object (or a relative regular object) in an arbitrary category, which
extends the notion of regular module. In particular, when we consider the
category MR of right R−modules we obtain the following definition

Definition 1.1 Let M and U be two right R−modules. We say that M
is U−regular module if for any f ∈ HomR(U,M) there exists a morphism
g ∈ HomR(M,U) such that f = f ◦ g ◦ f .

Obviously, M is a regular module if and only if M is R−regular. The
concept of relative regular module has been proved to be an extremely useful
tool in the theory of von Neumann regular rings and regular modules (see [2]
and [3]).

For a right R−module M we denote by Lfg(M) the lattice of all finitely
generated submodules of M , partially ordered by inclusion. The aim of this
paper is to study the lattice Lfg(M) of all finitely generated submodules
of a finitely generated regular module. We first prove that Lfg(M) is a
complemented modular lattice.

Definition 1.2 A lattice L is coordinatizable if there exists a von Neumann
regular ring R such that L is isomorphic to the lattice L(RR) of all principal
right ideals of R.

Using the isomorphism between the lattices Lfg(M) and Lfg(SS), where
S is the endomorphisms ring EndR(M), we obtain our main result:

Theorem 1.3 If R is an arbitrary ring and M is a finitely generated regular
right R−module, then Lfg(M) is coordinatizable.
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The key step in proving this theorem is Proposition 2.3, which was in-
spired by a result given by von Neumann, for the case RR, in his classical
paper [6]. In order to adapt his result in the general case of regular modules
we use the concept of relative regular module.

A ring R is called strongly regular if for any element r ∈ R there exists
an element s ∈ R such that r2s = r. Finally, we will prove:

Theorem 1.4 Let M be a finitely generated regular right module over an
arbitrary ring R. Then Lfg(M) is distributive if and only if EndR(M) is
strongly regular ring.

In this paper, all modules will be right modules. We refer the reder to
Birkhoff [1] or Gratzer [5] for elements of lattice theory and to Gooderal [4]
for definitions and results about von Neumann regular rings.

2 Proofs of the Main Results

In order to prove Lfg(M) is a complemented modular lattice, we will need
the following preliminary result:

Lemma 2.1 Let M be a regular R−module, let U be a finitely generated
R−module and let f ∈ HomR(U,M). If N is a finitely generated submodule
of M , then f−1(N) is finitely generated R−module.

Proof. Since M is a regular module and N is a finitely generated sub-
module of M , by [8, Theorem 1.6] we obtain that N is a direct summand of
M . Therefore there exists a submodule N ′ of M such that M = N⊕N ′. But
M/N = (N +N ′) /N ' N ′/ (N ∩N ′) ' N ′ and then M/N is isomorphic
with a direct summand of M , so M/N is a regular module. Since M/N is a
regular module and U is a finitely generated module, by [2, Remark 4.3] it
follows that M/N is U−regular.

Let π : M −→ M/N be the canonical projection and we consider the
morphism of R−modules π ◦ f : U −→ M/N . By [2, Proposition 3.1], we
obtain that Ker(π ◦ f) = f−1(N) is a direct summand of U . Obviously,
f−1(N) is a finitely generated R−module.
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Proposition 2.2 Let R be an arbitrary ring and let M be a finitely generated
regular right R−module. Then Lfg(M) is a complemented modular lattice
(where N1∨N2 = N1+N2 and N1∧N2 = N1∩N2, for any N1, N2 ∈ Lfg(M)).

Proof. Let N1, N2 ∈ Lfg(M). Obviously, N1 + N2 ∈ Lfg(M) and N1 ∨
N2 = N1 + N2. We want to prove that N1 ∩ N2 ∈ Lfg(M). We consider
the embedding morphism i : N1 ↪→ M . Then N1 ∩ N2 = i−1(N2), which is
finitely generated by Lemma 2.1. Since N1 ∧ N2 = N1 ∩ N2, we may assert
that Lfg(M) is a lattice.

In general, the lattice L(M) of all submodules of an arbitrary module M
with the lattice operations + and ∩ is modular. Thus, Lfg(M) is a modular
lattice, when M is a regular module.

If N ∈ Lfg(M), by [8, Theorem 1.6] we obtain that N is a direct summand
of M . Hence we may find a submodule N ′ of M such that M = N⊕N ′. Since
N ′ is a direct summand of M and M is finitely generated as R−module, then
N ′ is finitely generated and therefore N ′ is a complement of N in Lfg(M).
Thus Lfg(M) is a complemented lattice.

Proposition 2.3 Let M be a finitely generated regular right R−module and
S = EndR(M). Then the lattices Lfg(M) and Lfg(SS) are isomorphic.

Proof. Since M is a finitely generated regular R−module, by [8, Corollary
4.2] we obtain that S = EndR(M) is a von Neumann regular ring. We
consider an arbitrary J ∈ Lfg(SS). Then there exists an idempotent e ∈ S
such that J = eS. It follows that JM = eSM = eM ∈ Lfg(M). Thus we
obtain the monotone map

ϕ : Lfg(SS) −→ Lfg(M), ϕ(J) = JM.

We will prove that ϕ is a lattice isomorphism.
For N ∈ Lfg(M) we denote ψ(N) = {f ∈ S |f(M) ≤ N} . Since N is

a direct summand of M , then there exists an idempotent e ∈ S such that
e(M) = N . Of course, e|N = idN . We show that ψ(N) = eS.

Consider f ∈ S. It follows that f(M) ≤M and thus e(f(M)) ≤ e(M) =
N . Hence ef ∈ ψ(N) and therefore eS ⊆ ψ(N). For the converse inclusion
we consider g ∈ ψ(N). Then g ∈ S and g(M) ≤ N . Since e(g(m)) = g(m),
for all m ∈ M , we obtain that g ∈ eS, so ψ(N) ⊆ eS. Hence ψ(N) = eS ∈
Lfg(SS) and therefore we obtain the monotone map

ψ : Lfg(M) −→ Lfg(SS), ψ(N) = {f ∈ S |f(M) ≤ N}
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On one hand, if e ∈ S is an arbitrary idempotent, then ϕ(eS) = eM
and ψ(ϕ(eS)) = ψ(eM) = eS, so ψ ◦ ϕ = idLfg(SS). On the other hand,
ϕ(ψ(eM)) = ϕ(eS) = eM , so ϕ ◦ ψ = idLfg(M). Thus, we can conclude
that ϕ and ψ are lattice isomorphisms and therefore the lattices Lfg(M) and
Lfg(SS) are isomorphic.

Remark 2.4 If R is a von Neumann regular ring, by [4, Theorem 1.1] we
obtain that the lattice Lfg(RR) is, in fact, the lattice L(RR) of all principal
right ideals of R.

We are now in the position to prove our main results:

Proof of Theorem 1.3. When M is a finitely generated regular module,
over an arbitrary ring R, by [8, Corollary 4.2] it follows that S = EndR(M)
is a von Neumann regular ring. Our Theorem is now a direct consequence of
Definition 1.2, Proposition 2.3 and Remark 2.4.

Proof of Theorem 1.4. Utumi proved in [7, Theorem 1.1] the following:
A regular ring R is strongly regular if and only if the lattice L(RR) of all
principal right ideals of R is distributive.

Using the lattice isomorphism

Lfg(M) ' Lfg(SS) = L(SS)

our theorem is now obvious.
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[3] L. Dăuş, Relative regular modules. Applications to von Neumann regular
rings, Applied Categorical Structures, 19(6), 2011, 859-863,

[4] K.R. Gooderal, Von Neumann regular rings, Pitman, London, 1979

Galaxy
Text Box
129



[5] G. Gratzer, General Lattice Theory, 2nd edition, Birkhauser, Basel, 1998

[6] J. von Neumann, On regular rings, Proc. Natl. Acad. Sci. U.S.A., 22(12),
1936, 707-713

[7] Y. Utumi, On rings on which any one-sided quotient rings are two-sided,
Proc. Amer. Math. Soc. 14 (1), 1963, 141-147

[8] J. Zelmanowitz, Regular modules, Trans. Amer. Math. Soc. 163, 1972,
341-355

Galaxy
Text Box
130


	Text2: ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE, 2014, VOLUME 4, ISSUE 2, p.125-130


