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Abstract. In this paper, we try to study a special class of frame wavelets in Banach
spaces whose Fourier transforms are supported by frame wavelet sets. Our results
generalize the various results of [2] to Banach spaces other than Hilbert spaces using
the Feichtinger and Grochenig theory.
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1 Introduction

Frame provide stable expansions in Hilbert spaces, but they may be over complete
and the coefficients in the frame expansion need not be unique unlike in orthogonal
expansions. This redundancy is useful for the application point of view that is to noise
reduction or for the reconstruction from lossy data [3,5,12]. The construction of stable
orthonormal basis are often difficult in a numerical efficient way than the construction
of frames which are more flexible. Sometimes it is reasonable to use the frames to
analyze additional properties of functions beyond the Hilbert space. This led to the
characterization of an associated family of Banach spaces of functions by the values
of the frame coefficients which play an important role in non-linear approximation
and in compression algorithms [4]. However, in [6] Grdchenig showed that certain
frames for Hilbert spaces extend automatically to Banach frames. Using this theory
he derived some results on the construction of non-uniform Gabor frames and solved
a problem about non-uniform sampling in shift-invariant spaces. Recently, Kumar [9]
studied the convergence of wavelet expansions associated with dilation matrix in the
variable L? spaces using the approximate identity. In an another paper Kumar [10]
studied the convergence of non-orthogonal wavelet expansions in LP(R),1 < p < oc.

Let H be a Hilbert space. A collection of elements {z;} is called a frame of H if
there exist two positive constants 0 < A < B such that
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AlLFIP< 1w P< B L7

for f € H. The supremum of all such numbers A and infimum of all such numbers B
are called the frame bounds of the frame and are denoted by Ay and By respectively.
A frame {;} is called a tight frame when Ay = By, and a normalized tight frame
when Ay = By = 1. Frames can be regarded as generalizations of orthogonal bases
of Hilbert spaces. The generalization of frames to Banach spaces other than Hilbert
spaces generated by a single function through dilations and translations are of special
interest due to their close relation to wavelets and will be our focus in this paper.

Let D and T be the standard dilation and translation operators, respectively, on
L*(R), defined by (Df)(z) = v2f(2x) and (Tf)(z) = f(z — 1) for any f € L*(R).
A function ¢ € L*(R) is called a frame wavelet for L?(R) if

{ne(z)} = {2"2p(2"a —0) :n,l € Z} = {D"T*p:n,l € Z} (1.1)
is a frame of L?*(R), i.e., if there exist two positive constants 0 < A < B such that

AlFIPS X0 (LD T P< B f I (1.2)

nleZ

for all f € L*(R). ¢ is called a tight frame wavelet if this frame is tight. Similarly, ¢
is called a normalized tight frame wavelet if this frame is a normalized tight frame.

Let ¢ = ﬁ XE, where F is a Lebesgue measurable set with finite measure and ¢
denote the Fourier transform of . We call E a frame wavelet set or just a frame set
if the function ¢ is a frame wavelet for L?(R). Similarly, F is called a (normalized)
tight frame wavelet set if p is a (normalized) tight frame wavelet. The study of frame
sets appears to play a very important role here since for any given positive numbers
a,there exist frame sets of measure o. This enables us to construct various frequency
domain frame wavelets with support of measure «.

In [1], a complete characterization of tight frame wavelet sets ¢-sets was obtained,
together with some necessary or sufficient conditions for a set E to be an frame
wavelet set. Let ¢ € L?(R) and let E; = supp(¢). It turns out that if E; is a t-sets
then its Lebesgue measure is at most 27w. Furthermore, the result in [7], regarding
frame wavelets can be readily applied to determine whether ¢ is a frame wavelet.
This implies that we are unlikely to obtain new results if we only concentrate on
frame wavelets in Banach spaces whose Fourier transforms are supported by f-sets.
Our results generalize the various results contained in [2]. Although, V.V .Kisil [§]
described a construction of wavelets in Banach spaces generated by admissible group
representations. He considered operator-valued Segal-Bargmann-type spaces and the
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Weyl functional calculus. But our approach and results are different from those of
V.V .Kisil [§].

Now we discuss the theory of Feichtinger and Grochenig, which produces coherent
state decompositions of a large class of Banach spaces in a way that generalizes the
notion of a frame in a Hilbert space. Let H be a Hilbert space, G a topological group
with left Haar measure ;1 and 7 a representation of G on H. Let L?(G) denote the
Hilbert space of p-square integrable functions on G, i.e.,

LAG) ={F:G = C || F |l r2e)= (/G | F(x) [* dp())'/? < o0}

with inner product (Fy, Fy) = [ Fi(z)Fy(z)dp(z)

Definition 1.1. [13]. A measure p on a group G is said to be left-invariant pro-
vided that for every integrable function f on G and every y € G we have [ f(y,x)du(z) =

Ja [(x)du(z).

A left measure on G, is known as left Haar measure, exists and is unique up to a
constant multiple.

Definition 1.2. Let H be a Hilbert space

1. A representation 7 of G on H is a mapping 7 : G — L(H) such that 7(x.y)=n(x)7(y)
for every x,y €G

2. A vector g € H is admissible if [ | (g,7(x)g) |* du(z) < oo, where p is the left
Haar measure on G.

3. A vector g € H is cyclic if span {m(x)g}.eq is dense in H, or equivalently, if
the only f € H such that (f,n(z)g) =0 for all z € G is f = 0.

4. 7 is unitary if the map 7(x) : H — H is unitary for each z € G.
5. m is irreducible if every g € H\{0} is cyclic.

6. 7 is square integrable if 7 is irreducible and there exists an admissible g €
H\{0}.

The Fourier transform is normalized so that it is unitary operator which implies that
(1.2) is equivalent to

AN FIPS X [, DT9) P< BI|f|°Vf € L*(R). (1.3)

nleZ

Definition 1.3. Let ¢ € H\{0} be admissible. For f € H we let Vf be the

~

complex-valued function on G given by V,f(z) = (f, n(z)$), where m(x)$ = DT},
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In view of [7], we call V,f the voice transform of f with respect to ¢.

Suppose that 7 is an irreducible, unitary representation of G on H which is inte-
grable, i.e. these is a ¢ € H\{0} such that

L 1Veo@) | dut@) = [ | (@ (@)@} | dutx) < oo,

and which is continuous, i.e., m(z)@ is a continuous map of G into H, for all x € G
since dilation and translations are continuous.

Let H, = {p € H : Vop € L'(G)} and H, D H be the dual of H, We
define the coorbit space C,(LP(G)) = {f € H, : Vsf € LP(G)} and the norm
| f llesren=ll Vof |lre)- Also, we define an appropriate sequence space (7(Z)
corresponding to LP(G).

We see that the following integral operator is a convolution operator on GG by

L Vet @Vepa @) = [ (fim(@)@) (e nlay)e)du(e)

= [ (f.7@)@) (x(@)p 7 ()P du(a)

(fim(v)e)
= Vof(y)

Here V ¢(x'y) is an approximate identity. This operator can be approximate by
a discrete operator. For this, let ¢ = {¢;} be a collocation of functions on G that
satisfy:

L sup; || ¢; [lo< 00,

2. there is an open set O C G with compact closure and points x; € G such that
supp{;} C x;0 for each i,

4. sup,eafi{i € I : z € 1;Q} < oo for each compact set Q) C G.

We say such a ¢ bounded uniform partition of 2. Define the operator T, on LP(G)
associated to a particular bounded uniform partition of 1, by

Tpfy) = SAF ) Ved(aity) , Fly) = Vo f(y) € LP(G) for some f € Co(LP(G)).

Consider any collection of points {z;} C G such that Uz;U = G and z;V Nz;V = ¢
if 1 # 7 where U and V are compact neighborhoods of the identity in G. It can be
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shown that for any bounded uniform partition of 1 associated to {x;}, there are
constants A, B > 0 such that

A Ve e <IN VoS i) Nl < Bl Vo f e - (1.4)

The operator Ty, is continuous and continuously invertible on S = {V,, f € LP(G) for
some f € C,(LP(G))}. Thus for each f € C,(LP(G)) we define

(Hpf)(€) = > (f,m(@)&)m(§)¢,

nlez

where ¢ = ﬁ XE, F be a Lebesgue measurable set with finite measure.

We observe that if Hgf converges to a function in C,(LP(G)) under the norm
Ilc, (22 (c)), then the generalization of (1.3) to Banach spaces other than Hilbert spaces
is

A f lleswr@n I Hef ) o< B lleown @) (1.5)
for all f € C,(L*(G)) . Now for each f € C,(LP(G)) we can write

(Hef.f) = To(T,")WHgf, f)
= STy NHef, ), i) V(i y)

7

= AT o m(@)@)m (@)D, f), i) (m(z:) @, w(y)@)

7 ntleZ

= Y AT Ve f(r(w)@, f), i) (m(i)d, m(y) @)

%

= AT, Vi f Vi (i), i)

= <Z< o Vol im(z), f)
= Zﬁz xz ‘;07 .f)

It can be seen that Hgf = Y, B;(f)m(z;) and for some constants A,, B, > 0 we have

Ao 1 f lleowe@n <l Bilf) llerzy < Bo || f lloo(ze(e (1.6)

using (1.6) we get a generalization of frames to Banach spaces other than Hilbert
spaces i.e.,(1.5).

If the right inequality in (1.6) holds then it can be easily verified that || Hg f ||, r@) <

b |l f lle,re) for some constant b > 0, Hp define a bounded linear operator on
Co(LP(G)). In this case we say that F is a Bessel set.
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2 Some basic concepts on frame wavelet sets

In this section we shall study the basic concepts and terms concerning frame sets.
For more detailed information about this topic see [1].

Let E be a measurable set. Two elements z,y € E are § equivalent if x = 2"y
for some integer n. The d—index of a point x in E is the number of elements in its §
equivalent class and is denoted by dg(x). Let E(0,k) = {x € E : 0g(x) = k}.

Then F is the disjoint union of the sets E(d, k). two sets F and F with £ = E(4,1)
and F' = F(0,1) are said to be 2-dilation equivalent if every point in E is § equivalent
to a point in I’ and vice versa.

Lemma 2.1. If F is a Lebesgue measurable set, then each E(6, k) (k > 1) is also
Lebesgque measurable. Furthermore, each E(0, k) is a disjoint union of k measurable
sets {EV(6,k),1 < j < K}, such that EV) (6, k) & equivalentEV) (68, k) for any 1 < 7,
j' < K.

If A(E) = Uee.EW(6, k), then every point in it has d-index one. Furthermore,
we have Uge,2"E = Uk, 2"A(E). A set E is called a 2-dilation generator of R if
E = E(6,1) and Uge.2"E = R. A 2-dilation generator for a subset of R that is
invariant under 2-dilation can be similarly defined.

In the case of translation, we say that x,y € E are 2rn-translation equivalent,
denoted by zTy, if x = y + 2nm for some integer n. The 7—index of a point x in
E is the number of elements in its 7 equivalent class and is denoted by 7z(x). Let
E(r,k) ={xz € E: 17g(z) = k}. Than E is the disjoint union of the sets E(7, k). De-
fine 7(E) = Upe.(EN((2nm,2(n+1)7) —2nm)). This is a disjoint union if and only if
E = E(1,1). Two sets E and F with E' = E(,1) and F' = F(r,1) are said to be 27-
translation equivalent if every point in E' is 7 equivalent to a point in F' and vice versa.

Lemma 2.2. If E is a Lebesque measurable set, then each E(7,k)(k > 1) is also
Lebesgue measurable. Furthermore, each E(T,K) is a disjoint union of k—measurable
sets {EY (1K)}, 1 < j < kK, such that EV)(1,k) T equivalent E(j/)(T, k) for any
1<j,j <k

Remark 2.3. The set E(7,1) is uniquely determined by E. Since E(7,1) consists
of all points in E that are 27 translation redundancy free and is denoted by 7, ¢(E).

Now we have the following definition

Definition 2.4. A set E is called a basic set if there exists a constant M > 0,
such that u(E(6,m)) =0 and p(E(r,m)) = 0 for any m > M.

106


Galaxy
Text Box
106


ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE, 2014, VOLUME 4, ISSUE 1, p.101-110

The main aim in this section is a generalization of the following theorem [2] to
Banach spaces other than Hilbert spaces.

Theorem 2.5. Let E be a Lebesque measurable set with finite measure. Then F
is an f-set if E is a basic set and Upe,2"1,7(E) = R.

But first we shall prove.

Lemma 2.6. If E is a basic set such that E(6,m) = E(t,m) = ¢ for allm > M,
where M > 0 is a positive integer, then for any f,g € C,(LP(G)) we have

I (HE(f), 9) lloy< M2 || f llear@nll 9 leawroy -
Proof. The proof follows easily by using the right hand inequality in (1.6) and equa-
tion (14) of [1, pp.2051].

Lemma 2.7. Let E be a basic set with property that Uyez2"7,f(E) = Uge,2"E =
Q.Then for any f with support in Q we have

1 (He(f), /) Nl 2l S Nleory -
Proof. We have [1],

m A 1 N 1
fr’; - X26E(1,m) — <f7 DH%E XE(r,m >DH7A_£7XE m
; X2 E(rm) ; S XEem) D Xm)
hence
< K L 1
<Z fmj'X2“E(T,m)> f> - Z | <f7 D Te\/— XE(T,m)> |2Z 0.
=1 tez 21

By Meyer [11]; the equivalent characterization of LP(R) i.e., if
feP(R)= D1 {fionm) I win P12 € LP(R).
7K

Thus

M m
| (Hef, ) e = 11 D2 D) Y {frixess@m) f) e

KEZ m=1j=1

> || Z(fXQ"E(T7m)’f> ||£P(Z)

KEZ

= (LIS P xase Pdn)

KEZ
> | f lleozr@))s
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since Ype. Xav(r) > 1.

Let E be a basic set and let Q = Uxez2"E, Set By = EN (Uxez2"T,4(E)), By =
E\El, E_Q = E_1 N (UHGZZHTTf(El)% E2 = E_l\EQ, E3 = E2 ﬂ_(UKEZ2HTTf(E2)); in gen-
eral set £, = E,,_1\E, and define E, 11 = E,N(Uxez2"T,s(E,)). Let Q; = U,ez2"E;.
By the definition, 2; = UK€Z2”‘TTf(EZ~,1) and Q, NQ; =@ if i # j.

The following theorem is the generalization of Theorem 2.5.

Theorem 2.8. Let E be a basic set such that E(5,m) = E(t,m) = ¢ form > M,
and let 2 = Ui<j<n§); for some n > 1, Then for any f with support on Q we have

| {Hef, ) o> an || £ llc,zr @),

where a,, is the n-th term of the sequence of positive numbers defined by a, = a*_,/(1+
4MO52)2 and ay = 1/((1 +2M°>?)? +1), If Q = R then E is an frame wavelet set.

Proof. The proof of this theorem follows on the lines of Theorem 3.4 of [2] with
Lemma 2.6, 2.7 and [2, Lemma 3.2].

3 Frame wavelets with f-set supported in frequency
domain

Now we will discuss the frame wavelets with f-set support in the frequency domain.
Let ¢ € Co(LP(G)) and let E; be the support of ¢. We define

Hy(f) = > (f, D"#'¢) D"+

nlez

when Hy(f) defines a bounded linear operator, (1.5) is equivalent to

Ao || f lleoren <l (HRf) vz < Bo |l f llcowr @) (3.1)

for all f € Co(LP(G)). When E is a basic set,we have the following lemma:

Lemma 3.1. If E is a basic set and | ¢ |< b for some constant b > 0 on Eg, then
Hg define a bounded linear operator. Furthermore, we have

Hy(f) = X HE()VS € Co(LP(G)), (3.2)

REZ

where

HE = ¢(§/2%) Y f(€+ 272m))p(€/2" + 27j)

j€Z
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and the above sums all converge under the Co(LP(G)) norm topology.

Proof. The proof follows by simple manipulation in formulas given by [2, Lemma
3.1.].

Let E'be an f-set such that E(d,m) = E(r,m) = ¢ form > M, and R = Ui<j<,;
for some n,Q; = Q.e22°7,7(E;_1). We define the core of E by

S(E) = Ur<j<nA(Trp(Ej-1))

where Ey, = E,.It is known that S(FE) is a 2-dilation generator of R and it is not
unique in general. Now we will prove the following theorem which is the generaliza-
tion of Theorem 4.2 of [2] to Banach spaces other than Hilbert spaces.

Theorem 3.2. Let E be an f-set satisfying the conditions of Theorem 2.8. If the
support of ¢ is contained in E and there exists a constant a > 0 such that | $(§) |> a
a.e. on a core of E, then ¢ is a frame set.

Proof. We can generalize the Lemma 4.5 of [2] to Banach space following the
Lemma 2.7. Now this theorem can be proved by induction similar to the proof of
Theorem 2.8. using [2, Lemma 4.4].

Remark 3.3. Theorem 3.2. cannot be applied to a frame set without a core, the
following theorem ensures that we can still construct frame wavelets with a certain
level of flexibility on an arbitrary frame set with or without a core.

Theorem 3.4. Let E be a frame set. Then ¢ € Co(LP(Q)) is a frame wavelet
if ¢ is bounded, supp(¢) = E, | ¢ |> a > 0 on E for some constant a > 0, and
&(s) = ¢(2"s) whenever s and 2"s are both in E for any integer k.

Proof. Since F is a frame set, there exists a positive constant C' > 0 such that

I {Hef, ) o= C I f lleowr @
for any f € C,(L?(G)). Furthermore, by Lemma 3.1, for any f € C,(L?(G)), we have

HE(f) = ¢(&/27) X f(€+272mj)p(€/2" + 2mj)

Jj€Z

= (&) Y f(&+2"2m)) (€ + 2% 2m))
JEZ

HE(f.9),

-
which implies HE(f) = ¢.H(f.¢) and we get
I (Hef, ) lezy = | (@HE(f-9), £) llenz)
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| (Hng.{b),ng} ler(2)
> C| fo lleozr @
> Ca® || f lleswr ) -

Thus ¢ is a frequency frame wavelet. Therefore, ¢ is a frame wavelet.
Acknowledgement. The authors are very much thankful to the referee for giving
the fruitful comments to improve the paper.
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