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A GENERALIZATION OF LOCAL HOMOLOGY FUNCTORS

Mohammad H. Bijan-Zadeh and Karim Moslehi*

Abstract

Let M and N be modules over a commutative ring R with non-zero
identity. In this paper, for an ideal I of R, we introduce generalized local ho-
mology modules U/ (M, N) as follows: Ul (M, N) = lim, Tor®(M/I'M, N)
for all i > 0. Also we study finiteness and vanishing properties of U (M, N)
which show that it is of generalized local cohomology in some sense.

Introduction

Local cohomology was first defined and studied by Grothendieck [7]. Let R be a
commutative ring with non-zero identity and M be an R-module. For an ideal
of R, the i-th local cohomology modules with support in [ is defined as follows:

H}(M) = lim Extly (R/I', M)
20

Now, consider the inverse system {M/I'M};>; together with natural maps

M M
Tht TR T TEM

for all k,¢t € N with k£ > ¢. (We shall use Ny (respectively N) to denote the set
of non-negative (respectively positive) integers). Put Aj(M) := lim M/T'M
which is the I-adic completion of M with respect to I. For i € Ny, we denote the
left derived functor of A; by L. This functor is called the i-th local homology
functor with respect to I. On the other hand, a natural generalization of local
cohomology modules was introduced by Herzog [8] as follows. For a pair of
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R-module (M, N) the i-th generalized local cohomology module of (M, N) with
respect to [ is the R-module

H}(M,N) = lim Extp, (M/I'M, N) .
teN

Clearly whenever M = R, the generalized local cohomology module H}(R, N)
is the ordinary local cohomology module H:(N). In this paper, we introduce
a natural generalization of local homology functor Lf . For i € Ny, we defined
generalized local homology module U/ (M, N) of pair (M, N) with respect to I
as follows:

U{(M,N) = lim Tor{ (M/I'M, N).
teN
Whenever M = R, for simplicity of notation we denote U/ (R, N) by U/ (N).
In this paper we study the finiteness and vanishing properties of general-

ized local homology modules in several cases. Also we provide a description of
generalized local homology in terms of total complexes of Koszul complex.

1 Preliminary results

In this section we recall some basic properties of local homology functor.

Theorem 1.1. ([3, 2.4]) Let M be an Artinian R-module. Then L{(M) =
Ar(M).

Corollary 1.2. ([3, 2.5]) Let M be an R-module. Then the following statements
are equivalent:
(i) IM = M;
(if) Lo(M) = 0;
(iii) A7(M) = 0.
Theorem 1.3. ([3, 4.1]) Let M be an Artinian R-module. Then
U (M) = Li(M)

for all i € Np.

Remark 1.4. Let M, N and P be R-modules. Then
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(i) Using an argument similar that they used in [6, 1.1], it can been seen
that there are epimorphisms

®;: LI(M ®@p N) — U}(M, N)

for all 7 € Ny.
(ii) If M is flat, then

and

for all i € Ng by [11, 11.53].

(iii) Suppose that M ®p N is a finitely generated R-module. Since Aj is
an exact functor on the category of finitely generated R-modules, one can show
that

Ul(M,N)= A; (M ®r N) = LY (M g N)

and LI (M ®r N) = 0, for all i € N. Thus, in view of (i), U (M, N) = 0, for all
i €N,

2 Generalized local homology and change of rings

By the same argument as in the proof of Theorem 3.3 in [3], but by replacing
the module R/I' with the module M/I'M we have the following theorem.

Theorem 2.1. (i) For each i € Ny, the local homology modules UL (M, N) are
I-separated; that is

() I°U/ (M, N) =o0.
s>0

(ii) If R is local with the unique mazimal ideal m and M a finitely generated
R-module, then, for each i € Ny,

U (M,D(N)) = D (Hy(M,N))

where D(—) := Hompg(—, E(R/m)) is the Matlis dual functor with respect to the
injective hull of R/m.
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Remark 2.2. If we define
D(M,N) =Hompg (M, E (N/mN))
we may restate the second part of the above theorem as follows
Ul (M,D(N, P)) = D (H;(M,N), P).

Corollary 2.3. (i) U! (M, D(N)) =0 if and only if H{(M, N) = 0.

(ii) If N is an Artinian R-module, then Ul (M, N) = 0 if and only if H: (M, D(N)) =

0.

Proof. 1t is well know that N = 0 if and only if D(/N) = 0. The assertion is now
immediate from [9, 1.6(5)]. O

In the following Theorem, we assume that f : R — R’ is a flat homomor-
phism of rings and that M an R’-module. Also, for an ideal I of R, we denote
its extension to R’ by I°¢.

Theorem 2.4. Let N be an R-module. Then we have the following isomorphism
of R-modules

Ul (M,N)=U" (M,N @ R)
for all i € Np.

Proof. 1t is clear that (I*)¢ = (I¢)! and I'M = (I¢)*M. Hence, in view of
11, 11.64],

U/(M,N) = limTor® (M/I'M,N)

t

= lim
<_
t

= U/ (M,N®grR)

Tor® (M/(I¢)!M,N ®r R)

for all i € Ny. O

A (non-zero) Noetherian ring having only finitely many maximal ideals is
called a semi-local ring.
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Corollary 2.5. Suppose that R is a semi-local ring. Let M and N be R-modules
such that N is an Artinian R-module. Then

Ul(M,N) = Uif (]\//f, N) (as R — modules)
for all i € Ny where ™ is the completion functor with respect to the Jacobson
radical of R.

Proof. By [9, 3.14], we have N®R§ ~ N and we know that R is a flat R-module
(see [5, 2.5.15]). Thus, by Remark 1.4 (ii),

Ul(M,N) = Ul (M,N ®r E) >yl (]/\/[\ N) ~yl (]/\4\ N)

for all i € Ny. ]

3 Noetherianness and Artinianness of generalized lo-
cal homology modules

From now on we suppose that R is a Noetherian local ring with a unique maximal
ideal m.

Theorem 3.1. Let M be a finitely generated R-module and N an Artinian R-
module. Then UM™(M,N) is finitely generated, and so it is Noetherian, for all
1 € Ng.

Proof. By Corollary 2.5 we may assume that (R, m) is a complete local ring.
Since D(N) is finitely generated, by [4, 2.2] HL (M, D(N)) is Artinian. Also,
by using Theorem 2.1 (ii), U™(M, N) is a finitely generated R-module. O

Remark 3.2. (i) Let
00— N —N-—N"—0

be an exact sequence of R-modules. Then, by [8, Satz 1.1.6], we have the long
exact sequence

0— HYM,N') — HY(M,N) — HY(M,N") — H}(M,N') — ---

(ii) Since the functor D(-) is exact, by using part (i) and Theorem 2.1 (ii),
we can see that if
0—N —N-—N'"—0

66


Galaxy
Text Box
66

Galaxy
Text Box


ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE, 2012, VOLUME 2, p.62-72

M. H. Bijan-zadeh and K. Moslehi

is an exact sequence of Artinian modules, then there exists an exact sequence
. — Ul (M,N") — UL(M,N") — UL(M,N) — UL (M,N") — 0.

(iii) If IV is an Artinian R-module, then U(N) is a finitely generated R-
module for all j € Ny, by [3, 4.6]. Also if M is a finitely generated, M ®@p U}“(N)
is a finitely generated R-module. Thus

A (MeRUP(N)) 5 if i=0,j20,

Ul (M, U™N)) =
(MU V) {o . if i>0,7>0

by Remark 1.4 (iii).

Theorem 3.3. Let M be a finitely generated R-module and N an Artinian
R-module. Then

! ’ UMM,N); if i>1.

t>0

Proof. Since N is an Artinian, there exists a positive integer n such that (1, m!N =
m"”N and also Ay(N) = N/m"™N, Therefore we have the following short exact
sequence of Artinian modules

0—>ﬂth—>N—>Am(N)—>O.

t>0

By Remark 3.2 (ii), we get a long exact sequence

- UzT—l (MaAm(N>) - Uim <M7 ﬂth> - Uim(M7N>
t>0

— UP (M, An(N)) — -+

— UP (M, ﬂ th> —s UMM, N) — UJ* (M, An(N)) — 0.
t>0

Since the R-modules M @ g N and M ®pg Am(N) are Artinian (see [9, 2.13]), it
is easy to check that U*(M, N) = Ug* (M, Awn(N)). Therefore the result follows
from Remark 3.2 (iii). O
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Theorem 3.4. Let M be a finitely generated R-module and N an Artinian R-
module. Then, for a positive integer s, the following statements are equivalent:

(i) UMM, N) is Artinian, for all i < s;

(ii) m C Rad (Anng (UMM, N))), for all i < s.

Proof. (i)=-(ii). Suppose that i < s. Since U™(M, N) is Artinian for all i < s,
we have that m"U™(M, N) = 0 for some positive integer n, by Theorem 2.1 (i).
Therefore m C Rad (Anng (UM(M, N))).

(ii)=(i). We use induction on s. When s = 1, since M is finitely generated
and N is Artinian, UJ*(M, N) is Artinian. Suppose that s > 1. By Theorem
3.3, we can replace N by [,5 m!N. The last module is just equal to m"N
for sufficiently large n. Therefore we may assume that m/N = N. Since N is
Artinian, there is an element = in m such that zN = N (see [2, 1.1(i)]). Thus
by the hypothesis, there exists positive integer ¢ such that z'U™(M, N) = 0 for
all © < s. Then the short exact sequence

0—0:iyat — NN —0
implies an exact sequence
0— U (M,N) — U™(M,0:x 2") — U™MM,N) — 0

for all ¢ < s — 1. It follows that m C Rad (AnnR (Uim(M,() N :Ut))), and by in-
ductive hypothesis U™ (M, 0:n :ct) is Artinian for all ¢ < s—1. Thus U™(M, N)
is Artinian for all 7 < s. This finishes the inductive step. O

Remark 3.5. We note that in the implication (i) = (ii) in the proof of Theorem
3.4 we need not assume that M is finitely generated and N Artinian.

4 Vanishing, non-vanishing results

We begin this section with the definition of coregular sequence which is a dual
of regular sequence ”in some sense”.

Definition 4.1. (a) We say that an element a € R is M -coregular if aM = M.

(b) The sequence ay,az,--- ,a, of R is called an M -coregular sequence if
(i) Annys(aq, -+ ,an) # 0;
(i) a; is an Annps(aq, -+, a;—1)-coregular element, for all i = 1,2,---  n.

(c) Let M and N be R-modules, where M is finitely generated and N is
Artinian. We call the length of any maximal N-coregular sequence contained in
Anng(M) the Cograden(M). We note that this is well-defined by [9, 3.10].
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Theorem 4.2. Let M be a finitely generated and N an Artinian R-modules.
Then
Cogradey (M/IM) = inf {i : U} (M,N) #0} .

Proof. 1t is well-known that gradep (M /IM) is the least integer i such that
HY(M,D(N)) # 0 (see for example [1, 5.5]). Also since N is Artinian, D(D(N)) =
N, by [9, 1.6(5)]. Hence

Cogradey(M/IM) = inf {i: Tor®(M/IM,N) # 0}
inf {i : Tor['(M/IM,D(D(N))) # 0}
inf {i : D(Ext}z(M/IM,D(N))) # 0}
= inf {i: Extl(M/IM,D(N)) # 0}
= gradep(y)(M/IM)
= inf {i: H}(M,D(N)) # 0}
= inf {i: U/ (M,N) #£0},

by [9, 3.11] and Corollary 2.3 (ii). O

Remark 4.3. Note that whenever R is not necessarily local, for all
i < Cograde (M /IM), we have that Ul (M, N) = 0.

Now we recall the concept of Krull dimension of an Artinian module, denote
by KdimM, due to Roberts [10]: let M be an Artinian R-module. When M = 0
we put KdimM = —1. Then by induction, for any ordinal «, we put KdimM =
a when (i) KdimM < « is false, and (ii) for every ascending chain My C
M; C ... of submodules of M, there exists a positive integer mg such that
Kdim(Mp+1/My,) < a for all m > mg. Thus M is non-zero and Noetherian if
and only if KdimM = 0.

Theorem 4.4. Let M be a finitely generated and N an Artinian R-module with
d:=KdimN. Then, for each i > d,

(i) UMM,N) =0, and

(ii) if there exists an element x € I which is N-coregular, Uf (M, N) = 0.

Proof. (i) We use induction on d. If d = 0, then N is Noetherian, and hence
M ®p N is finitely generated. Thus, for each i > 0, U™(M, N) = 0 by Remark
1.4 (iii). Let d > 0. Note that KdimN >Kdim([,.,m'N). Therefore by using
the arguments similar that we use in the proof of Theorem 3.4, without loss

69


Galaxy
Text Box
69

Galaxy
Text Box


ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE, 2012, VOLUME 2, p.62-72

Generalization of local homology functors

of generality, we may assume that there exists an element x € m such that
xN = N. Thus the short exact sequence

0—0:yz—N-"5N—0
induces the long exact sequence
C— UM (M,0:y 2) — UNM,N) - UMM,N) — U™ (M,0:y z) — -

By the proof of Proposition 4 in [10], we have that Kdim(0 :y z) <KdimN — 1.
Hence, by inductive hypothesis for each i > d — 1, U™ (M, 0 :x; ) = 0. Hence,
for each ¢ > d, U™(M,N) = 2U™(M, N). Using Theorem 2.1 (i), we get

UMM, N) = () 2°UMNM,N) C [ m* UMM, N) = 0.
s>0 s>0

This completes the inductive step.
(ii) Similar to proof (i). O

5 Generalized local homology modules and total com-
plex

In this section we assume that m = (ay,...,a,); K¢ is the Koszul complex of

R with respect to the sequence al,...,al. Also, if M is finitely generated and

y Unye
P, is a projective resolution of the R-module M, let C! be the total complex
associated to the double complex K! ® P,. Hence there are isomorphisms

H} (M, N) = lim H* (Homg (C,, N))
t

for all i € Ny (see [8, satz 1.1.6]).
Thus it seems natural to look for its dual version.

Theorem 5.1. Let M be a finitely generated and N an Artinian R-modules.
Then, for each i € Ny

UMM, N)=1limH, (C, @z N) .

Pt
t
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Proof. Converting local homology into local cohomology, Theorem 2.1 (ii), we
get easily

UMM,N) = D(H;(M,D(N)))§D<li_n>1H" (Homp (ci,D(N)))>

=~ lim D (H' (Hompg, (C}, D(N)))) = lim H; (D (Homg (C,, D(N))))
= lim H, (C, ® D(D(N))) = lim H; (C, ®z N) .

—
t t
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