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Abstract

Let M and N be modules over a commutative ring R with non-zero
identity. In this paper, for an ideal I of R, we introduce generalized local ho-
mology modules U I

i (M,N) as follows: U I
i (M,N) = lim←−t

TorR
i (M/ItM,N)

for all i > 0. Also we study finiteness and vanishing properties of U I
i (M,N)

which show that it is of generalized local cohomology in some sense.

Introduction

Local cohomology was first defined and studied by Grothendieck [7]. Let R be a
commutative ring with non-zero identity and M be an R-module. For an ideal I
of R, the i-th local cohomology modules with support in I is defined as follows:

H i
I(M) = lim−→

t>0

Exti
R

(
R/It,M

)
.

Now, consider the inverse system {M/ItM}t>1 together with natural maps

πk,t :
M

IkM
−→ M

ItM

for all k, t ∈ N with k > t. (We shall use N0 (respectively N) to denote the set
of non-negative (respectively positive) integers). Put ΛI(M) := lim←−t∈N

M/ItM

which is the I-adic completion of M with respect to I. For i ∈ N0, we denote the
left derived functor of ΛI by LI

i . This functor is called the i-th local homology
functor with respect to I. On the other hand, a natural generalization of local
cohomology modules was introduced by Herzog [8] as follows. For a pair of
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2 M. H. Bijan-zadeh and K. Moslehi

R-module (M,N) the i-th generalized local cohomology module of (M,N) with
respect to I is the R-module

H i
I(M,N) = lim−→

t∈N
Exti

R

(
M/ItM,N

)
.

Clearly whenever M = R, the generalized local cohomology module H i
I(R,N)

is the ordinary local cohomology module H i
I(N). In this paper, we introduce

a natural generalization of local homology functor LI
i . For i ∈ N0, we defined

generalized local homology module U I
i (M,N) of pair (M,N) with respect to I

as follows:
U I

i (M,N) = lim←−
t∈N

TorI
i (M/ItM,N).

Whenever M = R, for simplicity of notation we denote U I
i (R, N) by U I

i (N).
In this paper we study the finiteness and vanishing properties of general-

ized local homology modules in several cases. Also we provide a description of
generalized local homology in terms of total complexes of Koszul complex.

1 Preliminary results

In this section we recall some basic properties of local homology functor.

Theorem 1.1. ([3, 2.4]) Let M be an Artinian R-module. Then LI
0(M) ∼=

ΛI(M).

Corollary 1.2. ([3, 2.5]) Let M be an R-module. Then the following statements
are equivalent:

(i) IM = M ;
(ii) LI

0(M) = 0;
(iii) ΛI(M) = 0.

Theorem 1.3. ([3, 4.1]) Let M be an Artinian R-module. Then

U I
i (M) = LI

i (M)

for all i ∈ N0.

Remark 1.4. Let M , N and P be R-modules. Then
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Generalization of local homology functors 3

(i) Using an argument similar that they used in [6, 1.1], it can been seen
that there are epimorphisms

Φi : LI
i (M ⊗R N) −→ U I

i (M,N)

for all i ∈ N0.
(ii) If M is flat, then

U I
i (M,N) ∼= U I

i (M ⊗R N)

and
U I

i (P ⊗R M,N) ∼= U I
i (P,M ⊗R N)

for all i ∈ N0 by [11, 11.53].
(iii) Suppose that M ⊗R N is a finitely generated R-module. Since ΛI is

an exact functor on the category of finitely generated R-modules, one can show
that

U I
0 (M,N) ∼= ΛI (M ⊗R N) ∼= LI

0 (M ⊗R N)

and LI
i (M ⊗R N) = 0, for all i ∈ N. Thus, in view of (i), U I

i (M,N) = 0, for all
i ∈ N.

2 Generalized local homology and change of rings

By the same argument as in the proof of Theorem 3.3 in [3], but by replacing
the module R/It with the module M/ItM we have the following theorem.

Theorem 2.1. (i) For each i ∈ N0, the local homology modules U I
i (M,N) are

I-separated; that is ⋂
s>0

IsU I
i (M,N) = 0.

(ii) If R is local with the unique maximal ideal m and M a finitely generated
R-module, then, for each i ∈ N0,

U I
i (M,D(N)) ∼= D

(
H i

I(M,N)
)
,

where D(−) := HomR(−, E(R/m)) is the Matlis dual functor with respect to the
injective hull of R/m.
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4 M. H. Bijan-zadeh and K. Moslehi

Remark 2.2. If we define

D(M,N) = HomR (M,E (N/mN))

we may restate the second part of the above theorem as follows

U I
i (M,D(N,P )) ∼= D

(
H i

I(M,N), P
)
.

Corollary 2.3. (i) U I
i (M,D(N)) = 0 if and only if H i

I(M,N) = 0.
(ii) If N is an Artinian R-module, then U I

i (M,N) = 0 if and only if H i
I (M,D(N)) =

0.

Proof. It is well know that N = 0 if and only if D(N) = 0. The assertion is now
immediate from [9, 1.6(5)].

In the following Theorem, we assume that f : R −→ R′ is a flat homomor-
phism of rings and that M an R′-module. Also, for an ideal I of R, we denote
its extension to R′ by Ie.

Theorem 2.4. Let N be an R-module. Then we have the following isomorphism
of R-modules

U I
i (M,N) ∼= U Ie

i

(
M,N ⊗R R′)

for all i ∈ N0.

Proof. It is clear that (It)e = (Ie)t and ItM = (Ie)tM . Hence, in view of
[11, 11.64],

U I
i (M,N) = lim←−

t

TorR
i

(
M/ItM,N

)
∼= lim←−

t

TorR′
i

(
M/(Ie)tM,N ⊗R R′)

= U Ie

i

(
M,N ⊗R R′)

for all i ∈ N0.

A (non-zero) Noetherian ring having only finitely many maximal ideals is
called a semi-local ring.
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Generalization of local homology functors 5

Corollary 2.5. Suppose that R is a semi-local ring. Let M and N be R-modules
such that N is an Artinian R-module. Then

U I
i (M,N) ∼= U Î

i

(
M̂, N

)
(as R−modules)

for all i ∈ N0 where ̂ is the completion functor with respect to the Jacobson
radical of R.

Proof. By [9, 3.14], we have N⊗R R̂ ∼= N and we know that R̂ is a flat R-module
(see [5, 2.5.15]). Thus, by Remark 1.4 (ii),

U I
i (M,N) = U I

i

(
M,N ⊗R R̂

)
∼= U I

i

(
M̂, N

)
∼= U Î

i

(
M̂, N

)
for all i ∈ N0.

3 Noetherianness and Artinianness of generalized lo-
cal homology modules

From now on we suppose that R is a Noetherian local ring with a unique maximal
ideal m.

Theorem 3.1. Let M be a finitely generated R-module and N an Artinian R-
module. Then Um

i (M,N) is finitely generated, and so it is Noetherian, for all
i ∈ N0.

Proof. By Corollary 2.5 we may assume that (R,m) is a complete local ring.
Since D(N) is finitely generated, by [4, 2.2] H i

m (M,D(N)) is Artinian. Also,
by using Theorem 2.1 (ii), Um

i (M,N) is a finitely generated R-module.

Remark 3.2. (i) Let

0 −→ N ′ −→ N −→ N ′′ −→ 0

be an exact sequence of R-modules. Then, by [8, Satz 1.1.6], we have the long
exact sequence

0 −→ H0
I (M,N ′) −→ H0

I (M,N) −→ H0
I (M,N ′′) −→ H1

I (M,N ′) −→ · · · .

(ii) Since the functor D(-) is exact, by using part (i) and Theorem 2.1 (ii),
we can see that if

0 −→ N ′ −→ N −→ N ′′ −→ 0
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6 M. H. Bijan-zadeh and K. Moslehi

is an exact sequence of Artinian modules, then there exists an exact sequence

· · · −→ U I
1 (M,N ′′) −→ U I

0 (M,N ′) −→ U I
0 (M,N) −→ U I

0 (M,N ′′) −→ 0.

(iii) If N is an Artinian R-module, then Um
j (N) is a finitely generated R-

module for all j ∈ N0, by [3, 4.6]. Also if M is a finitely generated, M⊗R Um
j (N)

is a finitely generated R-module. Thus

U I
i

(
M,Um

j (N)
) ∼= {ΛI

(
M ⊗R Um

j (N)
)

; if i = 0 , j ≥ 0,

0 ; if i > 0 , j ≥ 0

by Remark 1.4 (iii).

Theorem 3.3. Let M be a finitely generated R-module and N an Artinian
R-module. Then

Um
i

(
M,
⋂
t>0

mtN

)
∼=

{
0 ; if i = 0,

Um
i (M,N) ; if i ≥ 1.

Proof. Since N is an Artinian, there exists a positive integer n such that
⋂

t>0 mtN =
mnN and also Λm(N) ∼= N/mnN , Therefore we have the following short exact
sequence of Artinian modules

0 −→
⋂
t>0

mtN −→ N −→ Λm(N) −→ 0.

By Remark 3.2 (ii), we get a long exact sequence

· · · −→ Um
i+1 (M,Λm(N)) −→ Um

i

(
M,
⋂
t>0

mtN

)
−→ Um

i (M,N)

−→ Um
i (M,Λm(N)) −→ · · ·

−→ Um
0

(
M,
⋂
t>0

mtN

)
−→ Um

0 (M,N) −→ Um
0 (M,Λm(N)) −→ 0.

Since the R-modules M ⊗R N and M ⊗R Λm(N) are Artinian (see [9, 2.13]), it
is easy to check that Um

0 (M,N) ∼= Um
0 (M,Λm(N)). Therefore the result follows

from Remark 3.2 (iii).
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Generalization of local homology functors 7

Theorem 3.4. Let M be a finitely generated R-module and N an Artinian R-
module. Then, for a positive integer s, the following statements are equivalent:

(i) Um
i (M,N) is Artinian, for all i < s;

(ii) m ⊆ Rad (AnnR (Um
i (M,N))), for all i < s.

Proof. (i)⇒(ii). Suppose that i < s. Since Um
i (M,N) is Artinian for all i < s,

we have that mnUm
i (M,N) = 0 for some positive integer n, by Theorem 2.1 (i).

Therefore m ⊆ Rad (AnnR (Um
i (M,N))).

(ii)⇒(i). We use induction on s. When s = 1, since M is finitely generated
and N is Artinian, Um

0 (M,N) is Artinian. Suppose that s > 1. By Theorem
3.3, we can replace N by

⋂
t>0 mtN . The last module is just equal to mnN

for sufficiently large n. Therefore we may assume that mN = N . Since N is
Artinian, there is an element x in m such that xN = N (see [2, 1.1(i)]). Thus
by the hypothesis, there exists positive integer t such that xtUm

i (M,N) = 0 for
all i < s. Then the short exact sequence

0 −→ 0 :N xt −→ N
xt

−→N −→ 0

implies an exact sequence

0 −→ Um
i+1(M,N) −→ Um

i

(
M, 0 :N xt

)
−→ Um

i (M,N) −→ 0

for all i < s− 1. It follows that m ⊆ Rad
(
AnnR

(
Um

i (M, 0 :N xt)
))

, and by in-
ductive hypothesis Um

i

(
M, 0 :N xt

)
is Artinian for all i < s−1. Thus Um

i (M,N)
is Artinian for all i < s. This finishes the inductive step.

Remark 3.5. We note that in the implication (i)⇒ (ii) in the proof of Theorem
3.4 we need not assume that M is finitely generated and N Artinian.

4 Vanishing, non-vanishing results

We begin this section with the definition of coregular sequence which is a dual
of regular sequence ”in some sense”.

Definition 4.1. (a) We say that an element a ∈ R is M -coregular if aM = M .
(b) The sequence a1, a2, · · · , an of R is called an M -coregular sequence if
(i) AnnM (a1, · · · , an) 6= 0;
(ii) ai is an AnnM (a1, · · · , ai−1)-coregular element, for all i = 1, 2, · · · , n.
(c) Let M and N be R-modules, where M is finitely generated and N is

Artinian. We call the length of any maximal N -coregular sequence contained in
AnnR(M) the CogradeN (M). We note that this is well-defined by [9, 3.10].

Galaxy
Text Box
68

Galaxy
Text Box



8 M. H. Bijan-zadeh and K. Moslehi

Theorem 4.2. Let M be a finitely generated and N an Artinian R-modules.
Then

CogradeN (M/IM) = inf
{
i : U I

i (M,N) 6= 0
}

.

Proof. It is well-known that gradeD(N)(M/IM) is the least integer i such that
H i

I(M,D(N)) 6= 0 (see for example [1, 5.5]). Also since N is Artinian, D(D(N)) ∼=
N , by [9, 1.6(5)]. Hence

CogradeN (M/IM) = inf
{
i : TorR

i (M/IM, N) 6= 0
}

= inf
{
i : TorR

i (M/IM, D(D(N))) 6= 0
}

= inf
{
i : D(Exti

R(M/IM, D(N))) 6= 0
}

= inf
{
i : Exti

R(M/IM, D(N)) 6= 0
}

= gradeD(N)(M/IM)

= inf
{
i : H i

I(M,D(N)) 6= 0
}

= inf
{
i : U I

i (M,N) 6= 0
}

,

by [9, 3.11] and Corollary 2.3 (ii).

Remark 4.3. Note that whenever R is not necessarily local, for all
i < CogradeN (M/IM), we have that U I

i (M,N) = 0.

Now we recall the concept of Krull dimension of an Artinian module, denote
by KdimM , due to Roberts [10]: let M be an Artinian R-module. When M = 0
we put KdimM = −1. Then by induction, for any ordinal α, we put KdimM =
α when (i) KdimM < α is false, and (ii) for every ascending chain M0 ⊆
M1 ⊆ . . . of submodules of M , there exists a positive integer m0 such that
Kdim(Mm+1/Mm) < α for all m > m0. Thus M is non-zero and Noetherian if
and only if KdimM = 0.

Theorem 4.4. Let M be a finitely generated and N an Artinian R-module with
d:=KdimN. Then, for each i > d,

(i) Um
i (M,N) = 0, and

(ii) if there exists an element x ∈ I which is N-coregular, U I
i (M,N) = 0.

Proof. (i) We use induction on d. If d = 0, then N is Noetherian, and hence
M ⊗R N is finitely generated. Thus, for each i > 0, Um

i (M,N) = 0 by Remark
1.4 (iii). Let d > 0. Note that KdimN ≥Kdim

(⋂
t>0 mtN

)
. Therefore by using

the arguments similar that we use in the proof of Theorem 3.4, without loss
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Generalization of local homology functors 9

of generality, we may assume that there exists an element x ∈ m such that
xN = N . Thus the short exact sequence

0 −→ 0 :N x −→ N
x−→N −→ 0

induces the long exact sequence

· · · −→ Um
i (M, 0 :N x) −→ Um

i (M,N) x−→Um
i (M,N) −→ Um

i−1 (M, 0 :N x) −→ · · · .

By the proof of Proposition 4 in [10], we have that Kdim(0 :N x) ≤KdimN − 1.
Hence, by inductive hypothesis for each i > d − 1, Um

i (M, 0 :N x) = 0. Hence,
for each i > d, Um

i (M,N) ∼= xUm
i (M,N). Using Theorem 2.1 (i), we get

Um
i (M,N) ∼=

⋂
s>0

xsUm
i (M,N) ⊆

⋂
s>0

msUm
i (M,N) = 0.

This completes the inductive step.
(ii) Similar to proof (i).

5 Generalized local homology modules and total com-
plex

In this section we assume that m = (a1, . . . , an); Kt
• is the Koszul complex of

R with respect to the sequence at
1, . . . , a

t
n. Also, if M is finitely generated and

P• is a projective resolution of the R-module M , let Ct
• be the total complex

associated to the double complex Kt
• ⊗R P•. Hence there are isomorphisms

H i
m(M,N) ∼= lim−→

t

H i
(
HomR

(
Ct
•, N

))
for all i ∈ N0 (see [8, satz 1.1.6]).

Thus it seems natural to look for its dual version.

Theorem 5.1. Let M be a finitely generated and N an Artinian R-modules.
Then, for each i ∈ N0

Um
i (M,N) ∼= lim←−

t

Hi

(
Ct
• ⊗R N

)
.
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10 M. H. Bijan-zadeh and K. Moslehi

Proof. Converting local homology into local cohomology, Theorem 2.1 (ii), we
get easily

Um
i (M,N) ∼= D

(
H i

m(M,D(N))
) ∼= D

(
lim−→

t

H i
(
HomR

(
Ct
•, D(N)

)))
∼= lim←−

t

D
(
H i
(
HomR

(
Ct
•, D(N)

))) ∼= lim←−
t

Hi

(
D
(
HomR

(
Ct
•, D(N)

)))
∼= lim←−

t

Hi

(
Ct
• ⊗R D(D(N))

) ∼= lim←−
t

Hi

(
Ct
• ⊗R N

)
.
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