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Abstract
Let (K; v) be a locally compact complete valued �eld relative to a Krull

valuation v; let K be a �xed algebraic closure of K and let w be a pseudoval-

uation on K which extends the valuation v: Let eK be the completion of

(K;w) and let x be a transcendental element of eK; relative to K: Let E be
the topological closure of K[x] in eK: In this note we construct a polynomial
orthogonal basis for the K-Banach algebra E:
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Introduction
Let (K; v) be a rank 1 discrete locally compact valued �eld relative to a

Krull valuation v (see[7]). It is very known [2] that in this case K is either
a �nite extension of Qp; the p-adic number �eld, or a �nite extension of
Fp((X)) for a prime number p: In all these cases the valuation ring OK is a
compact subset of K:
Let K be a �xed algebraic closure of K and let w be a pseudovaluation

of rank 1 on K; which extends v: A pseudovaluation w of rank 1 on a �eld
F is a mapping w : F ! R [ f1g such that:
i) w(a) =1 if and only if a = 0
ii) w(ab) � w(a) + w(b)
iii) w(a+ b) � minfw(a); w(b)g; for any a; b in F:
Let eK be the completion of (K;w). For instance, if K = Qp; and if w is

the unique valuation on K which extends the standard p-adic valuation of

Q, then eK is Cp; the p-adic complex number �eld. If K = Fp((X)) and v is
the X-adic valuation then, if we take for w the unique valuation on Fp((X));
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an algebraic closure of K; eK is a �eld 
p; on which we know almost nothing.
A description of K in this last case we can �nd in [5]. If we consider on Q the
usual p-adic valuation and if we �x an extension u of it to Q; we can consider
the (spectral) pseudovaluation w(x) = minf u(�(x)) j � 2 Gal(Q=Q) g and
denote by eQp the completion ring of Q relative to w (see[6]). It is clear

that K = Qp is a sub�eld in eQp: We can consider E to be the topological

closure in eQp of K[x]; where x is a transcendental element of eQp, relative to
K: So the main hypothesis above is the locally compact property of Qp and
not the exact way of construction of eK; starting from K: This means that

instead of eK we can consider any complete K-algebra relative to a rank 1
pseudovaluation which extends v:
In this note we extend the technique used in [1] in order to construct

a polynomial orthonormal basis for a subring E of eK; of the form E =
]K[x]; where this is the topological closure of K[x] in eK and x is in eK;
transcendental over K: All of these remarks will be useful in a future study
of 
p or for extending the results of [3] and [4].
The point in our study is to substitute the pseudovaluation w with the

integral part of it, i.e. with [w] de�ned by [w](x) = [w(x)] for any x of eK:
It is easy to see that [w] is also a pseudovaluation, but its image is a discret
subset of R. For simplity, we put [w] = z:

1. Main results

Proposition 1.1. With the above notations, the pseudovaluation z induces
on eK the same topology like w:

Proof. Since z(a) � w(a) < z(a) + 1; then w(a) !1 if and only if z(a)!
1: �

De�nition 1.1. Let k be a positive integer and let x 2 eK be a �xed tran-
scendental element over K: An admissible polynomial of degree k for x is a
monic polynomial Pk(X) 2 K[X] of degree k such that

z(Pk(x)) � z(Qk(x))

for any other monic polynomial Qk(X) 2 K[X] of degree k: A sequence of
polynomials ffkgk�0 such that for any k � 0, fk is admissible of degree k
for x will be called an �admissible sequence of polynomials for x":

Proposition 1.2. For any integer k � 0 and for any transcendental element
x 2 eK over K there exists an admissible polynomial of degree k for x:

Proof. Let k(x) = supfz(Q(x)) j Q(X) 2 K[X]; monic, deg Q = kg: We
shall prove that k(x) < 1: For this, let fQmgm be a sequence of monic
polynomials of degree k such that z(Qm(x))! k(x) as m!1:
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Case 1. Suppose that the set of coe¢ cients of all the polynomials Qm
is bounded in K: Since K is locally compact one can choose a convergent
subsequence fQmjgj to a polynomial Q(X) which is monic of degree k and
z(Q(x)) = k(x) <1:
Case 2. Now assume that the set of coe¢ cients of all polynomials Qm is

unbounded. Let OK be the valuation ring of K: It is a compact subset of K
(look at the structure ofK!). Let � be a prime element of OK (v(�) = 1) and
let bm be the smallest positive integer such that fm = �bmQm 2 OK [X]: �
Unbounded �means that at least for an in�nite subset of fQmgm; bm !1:
Let us start with this subsequence from the beginning and denote it again by
fQmgm: Since OK is a compact subset, let ffmjgj be a convergent (to f 2
OK [X]) subsequence of ffmgm: Since fm is primitive for every m; one has
that f is primitive. In particular f 6= 0: Now z(fm(x)) = bm + z(Qm(x))!
1 (since z(Qm(x))! k(t) 6= �1) which implies z(f(x)) =1; i.e. f(x) =
0 and x would be algebraic over K: Hence �case 2 �cannot appear.

Theorem 1.3. Let x 2 eK be a transcendental element over K and let
ffk(X)gk be an admissible sequence of polynomials for x: Let rk = z(fk(x))
and Mk(x) = ��rkfk(x); where � is a prime element �xed in OK ; the val-
uation ring of (K; v): Then fMk(x)gk is an integral (polynomial) basis of
E = ]K[x] as a Banach space over K; relative to the pseudovaluation z:
More precisely:
i) For any y 2 E there exists a unique sequence fckgk in K such that

v(ck)!1 and y =
P
k

ckMk(x):

ii) z(y) = minkv(ck)
iii) Let OE = ft 2 E j z(t) � 0g: Then y 2 OE if and only if ck 2 OK for

any k � 0:

�

Proof. Since fMk(x)gk are of degrees 0; 1; 2; :::; any polynomial in x; P (x) =P
bkMk(x); bk 2 K in a unique way, this sum being �nite (use mathematical

induction).
First of all we shall prove that z(P (x)) = mink z(bkMk(x)):
Case1. Assume mink z(bkMk(x)) = z(bdMd(x)); where d = deg P (x): If

z(P (x)) > z(bdMd(x)); then v(�rd
P (x)
bd
) > z(fd(x)): But this contradicts the

choice of fd; so the proof is done in the case 1.
Case 2. Assume now that the greatest index k0 such that
minkz(bkMk(x)) = z(bk0Mko(x)) is such that k0 < d: Let P (x) = bdMd(x)+

P1(x); where deg P1 < d: Use now mathematical induction on the degree of
P (x): So that z(P1(x)) = z(bk0Mk0(x)): But, because of the choice of k0; one
has z(P (x)) = z(P1(x)) = mink z(bkMk(x)): Since the pseudovaluation z is

discrete one has for ii) : z(y) = z(
NP
k=0

ckMk(x)) for a su¢ ciently large N: Us-

ing the just proved formula above we get that z(y) = mink=0;N z(ckMk(x)):
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But, from i) z(ckMk(x)) = v(ck)!1; so if we increase N above, mink=0;N
z(ckMk(x)) = minkz(ckMk(x)) = minkv(ck); i.e. ii).

Let us prove i). Let y 2 E = ]K[x] and let fPm(x)gm a sequence of
polynomials such that Pm(x)

z! y: Let km = deg Pm(x): Let us write

Pm(x) =
kmP
j=0
cm;jMj(x); in a unique way such that z(Pm(x)) = minjv(cm;j)

(see the above discussion). As the sequence fPm(x)gm is a Cauchy sequence
relative to z; for each j; the sequence fcm;jgm is a Cauchy sequence in v; since
K is complete, let cj = lim

m!1
cm;j : LetM be big enough,M > 0 and let �xm0

such that z(Pm0(x)� y) > M: For m large enough z(Pm(x)�Pm0(x)) > M;
i.e. v(cm;j � cm0;j) > M for all j: If m ! 1 we get v(cj � cm0;j) > M; or
v(cj) > M for j > km0 : This means that v(cj) ! 1 as j ! 1: Hence the
element

ey = 1X
m=0

cmMm(x) 2 eK
Since Pm(x)

z! ey (cm;j ! cm) and Pm(x) ! y one has that y = ey and i) is
proved (the uniqueness follows from ii)).
For iii), let us consider the folowing equivalences: y 2 OE if and only if

z(y) � 0 , mink v(ck) � 0 , v(ck) � 0 for any k � 0 , ck 2 OK for all
k � 0: �

Remark 1.1. If K = Qp; v = vp; the p-adic numbers with the standard
valuation, if Q is the algebraic closure of Q in Qp; a �xed algebraic closure of
Qp and if v is a valuation on Q which extends vp; then w(�) = minfv(�(�)) j
� 2 G = Gal(Q=Q)g is a pseudovaluation on Q which does not depend

on v (see[3],[8]). Let eQp be the completion of Q relative to z and let L

be a sub�eld of Q: Then eL; the topological closure of L in eQp; is of the
form: eL = Q̂p[x] (see [3]). Theorem 3 says that in eL we can construct a
polynomial orthonormal basis fMk(x)gk: In particular any algebraic number
y of L can be uniquely written as: y =

P
k�0
ckMk(x); with ck 2 Qp; which is a

generalization of the primitive element theorem: [L : Q ] = n ) L = Q[�];
� 2 L and for any y 2 L one has y = c0 + c1� + :::+ cn�1�n�1:
If K = Qp; v = vp and if v� is the unique valuation of Qp which extends

v; then an analogous result for E = Q̂p[x] takes place. Here x 2 Cp is tran-
scendental over Qp: Another important particular case is when one consider
the Fontaine-Colmez ring, B+dR: See for instance [1] for such applications.
If K = k((X)); where k is a �eld of characteristic 0; we have a description

of K (see [9] for instance). Let v be the unique valuation on K which
extends the usual X-adic valuation of K: Let w(x) = minfv(�(x)) j � 2
Gal(K=K)g be the corresponding pseudovaluation. Let eK be the completion
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POLYNOMIAL ORTHOGONAL BASES FOR A CLASS OF CLOSED RINGS 5

of K with respect to w: We do not know yet if any closed subring of eK has
an orthonormal bases as above.
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